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Abstract. In this article, the cyclic homology theory of formal deforma- 
tion quantizations of the convolution algebra associated to a proper etale Lie 
groupoid is studied. We compute the Hochschild cohomology of the convo- 
lution algebra and express it in terms of alternating multi-vector fields on 
the associated inertia groupoid. We introduce a noncommutative Poisson ho- 
mology whose computation enables us to determine the Hochschild homology 
of formal deformations of the convolution algebra. Then it is shown that 
the cyclic (co)homology of such formal deformations can be described by an 
appropriate sheaf cohomology theory. This enables us to determine the cor- 
responding cyclic homology groups in terms of orbifold cohomology of the 
underlying orbifold. Using the thus obtained description of cyclic cohomology 
of the deformed convolution algebra, we give a complete classification of all 
traces on this formal deformation, and provide an explicit construction. 
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1. Introduction 

In symplectic geometry and mathematical physics one often encounters, for ex- 
ample by reduction, Poisson spaces which are singular. One of the easiest examples 
of such singular spaces is given by a symplectic orbifold; this an orbifold which ad- 
mits a covering by orbifold charts equipped with an invariant symplectic structure. 
Therefore, the study of deformation quantization and index theory of such spaces 
appears naturally. 

To address such questions, one first has to decide what "algebra of smooth func- 
tions" on an orbifold one wants to consider. Any orbifold has a natural sheaf of 
functions which locally can be lifted to smooth invariant functions on any orbifold 
chart. For this algebra on a symplectic orbifold, a deformation quantization was 
constructed in )PFfl8| . generalizing Fedosov's method jFE96| on smooth manifolds. 
This case was further studied by Fedosov-Schulze-Tarkhanov in |FeSchTa] , mak- 
ing several interesting conjectures on the related index problem. 

However from the point of view of noncommutative geometry |Co94| . an orbifold 
presents one of the prime examples of a "noncommutative manifold" : its "algebra of 
smooth functions" is given by the noncommutative convolution algebra on a proper 
etale Lie groupoid, whose quotient space identifies with the underlying orbifold 
(cf. [Mop . This construction generalizes the crossed product of the algebra of 
smooth functions on a manifold by a finite group. As shown in |TA04bj . a Poisson 
structure on the orbifold induces a natural noncommutative Poisson structure on 
this algebra in the sense of Block-Getzler [BlGeI and Xu |Xu| . which admits a 
deformation quantization. It is the properties of this deformed algebra that we 
study in this paper. Notice that it contains the deformed algebra of |Pf01| as the 
subalgebra of invariants under the groupoid. 

The first step in understanding the deformation quantization of a groupoid alge- 
bra is to count how many noncommutative Poisson structures it has. We partially 
answer this question by calculating the Hochschild cohomology of the groupoid al- 
gebra of a proper etale groupoid. When the groupoid is a manifold, this is given 
by the Hochschild-Kostant-Rosenberg Theorem. In the case of an orbifold, partial 
results have already appeared in the literature, e.g. .CaGiWi| for the case of a 
global quotient of an algebraic variety by a finite group. In Section 3, we present 
a calculation in the case of a proper etale Lie groupoid. By Teleman's localization 
technique, we relate this cohomology to the sheaf cohomology of the multivector 
fields on the corresponding inertia groupoid. This is the first step to classify the 
Poisson structures on a groupoid algebra. We leave the study of the Gerstenhaber 
bracket and possible extensions to a "noncommutative formality theorem" for fu- 
ture research. 

The second step in understanding the quantization of an algebra is its semiclas- 
sical geometry, or in other words its noncommutative Poisson geometry. In this 
paper, we introduce a noncommutative Poisson homology generalizing Brylinski's 
definition on a Poisson manifold |Br| . This noncommutative Poisson homology 
appears as the i?^-term of the spectral sequence associated to the /i-adic filtration 
in the Hochschild homology of the deformed algebra. We calculate this Poisson ho- 
mology in case of the noncommutative Poisson structure on the convolution algebra 
of a groupoid associated to an orbifold with a Poisson structure. Our calculation 
uses the methods developed by Connes, Burghelea, Brylinski, Nistor, and Crainic 
in calculating the cyclic homology of an etale groupoid. We track the change of 
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the Poisson differential in the various steps of the calculation of the Hochschild ho- 
mology of the groupoid algebra, and relate it to the sheaf homology of Brylinski's 
complex on the corresponding inertia groupoid. 

Next, we compute the Hochschild and cyclic (co)homology of the deformation 
quantization of the convolution algebra of a symplectic orbifold. Our computation 
draws upon two ideas: one is the spectral sequence introduced in ' BrXtEI and 
|NeTs95) associated to the ft-adic filtration of the Hochschild complex and its 
relation to the noncommutative Poisson homology of the previous section. Second is 
the localization to the inertia groupoid, as used in the calculation of the Hochschild 
and cyclic homology of the "classical" groupoid algebra of Brylinski-Nistor BrNi| 
and Crainic |(]R,| . The main difficulty here is that, due to the noncommutative 
nature of the sheaf of "quantized functions" , one has to add "quantum corrections" 
to this localization map. Interestingly, all our results are given in terms of the 
orbifold cohomology of Chen-Ruan jCHRu| . 

The calculation of the cyclic cohomology gives in particular a complete classifi- 
cation of the traces of the deformed groupoid algebra. In the last section we give an 
explicit construction of all traces, building on earlier work by Fedosov IFEDOj . Fi- 
nally, our constructions also clarify a conjecture in [FeSchTa] on a certain "Picard 
group" acting on the space of traces. 

Since our computations use quite some machinery of groupoids and cyclic ho- 
mology developed by several people over the years, we have included, for the con- 
venience of the reader, a rather detailed section devoted to these subjects. Its main 
purpose is to give an introduction into the ideas of Connes, Burghelea, Brylinski, 
Nistor, and Crainic in calculating the cyclic homology of etale groupoids, and to 
set up the notation. 

Our paper is related to the recent paper |DoEt| by Dolgushev-Etingof, where for 
the quotient of a smooth complex affine symplectic variety X by a finite group the 
Hochschild cohomology of the convolution algebra and of the algebra of invariant 
regular functions is computed. Note however, that due to the algebraic nature of 
their setup the methods used there are quite different to the ones used here. 

Let us also mention at this point, that some of the results presented here have 
been obtained by the fourth author in his PhD-thesis and, independently, by the 
collaboration of the remaining authors. During a conference in Luminy, where three 
of us, namely M.J. P., H.P. and X.T. met, we then decided to continue our work 
together and write a joint paper about our results. 

Acknowledgements. We would like to thank K. Behrend and P. Xu for organizing 
the conference on "Groupoids and Stacks" in Luminy in June 2004, where our 
collaboration started. X.T. would like to thank the University of Frankfurt for 
hospitality during his visit there. He would also like to thank Alan Weinstein, 
his Ph.D. advisor, for many stimulating discussions, M. Karoubi and R. Nest for 
hosting his visit of IHP in summer 2004, and A. Gorokhovsky, R. Nest, B. Tsgyan, 
and V. Dolgushev for helpful discussions. M.J. P. and H.P. gratefully acknowledge 
financial support by the Deutsche Forschungsgemeinschaft. M.J. P. would like to 
thank B. Fedosov for helpful discussions about traces on star product algebras over 
orbifolds. 



4 



N. NEUMAIER, M.J. PFLAUM, H.B. POSTHUMA AND X. TANG 



2. Preliminaries 

2.1. Notation. For clarity, we collect here some of the notation used throughout 
the paper. 

• X denotes an orbifold, 

• X its inertia orbifold as constructed in |ChRu| . 

• By G we denote a smooth etale groupoid modehng X, 

• Ais the G-sheaf of smooth functions on Gq, if not stated otherwise, 

• and A'^ is the G-sheaf of a formal deformation of A. 

• Concerning products, / • g denotes the pointwise product of two functions 
/,gGG-(Gi), 

• whereas f * g is the convolution product on the groupoid G, 

• and, finally, / * g is the star product associated to a formal deformation. 

2.2. Orbifolds. The notion of an orbifold was introduced by Satake ISa]. Roughly 
speaking, an orbifold is a second countable Hausdorff space X which is locally 
modeled on the quotient of open subsets of M" by a finite group. In this article we 
will use the language of groupoids to model orbifolds, following the approach by 
Moerdijk |Mo) (see also |MoMrI Chap. 5] for an introduction). To set up notation 
and for the convenience of the reader let us recall some basic notions from the 
theory of groupoids. 

A groupoid G is a small category in which every morphism is invertible. More 
explicitly, denote by Go the space of objects and by Gi the space of arrows in G. 
The groupoid structure is encoded by the following five maps: 

1 y-Go '^1 — * tjl — > Cxi (_T0 — > Lri 

t 

Here, s and t are the source and target map, m is the multiplication resp. com- 
position [g, h) t— > m{g, h) gh g ° h, i denotes the inverse which is given by 
g ^ i{g) :— g^^ and finally u is the inclusion of objects by identity arrows, i.e., 
u{x) :— idx for all x £ Gq. An arrow g G Gi with s{g) — x and t{g) = y will often 
be denoted hy g : x —> y. Moreover, if no confusion can arise, we write G instead 
of Gi. 

A groupoid G is a Lie groupoid (also called a smooth groupoid) if both Gq and Gi 
are smooth manifolds, all the structure maps are smooth and s and t submersions. 
It then follows that u is an immersion and that i is a diffeomorphism. A Lie 
groupoid is called proper when the map (s, t) : Gi ^ Go x Go is proper. It is called 
a foliation groupoid, if every isotropy group Gx is discrete. An etale groupoid is a 
special type of foliation groupoid for which s and t are local diffeomorphisms. 

Definition 2.1. |Mol Def. 3.1] An orbifold groupoid is a proper foliation groupoid. 

More precisely, one proves that the orbit space X :— Gq/Gi has a canonical 
orbifold structure. This description of orbifolds by groupoids goes back to |MoPr| . 
The fundamental idea is that the orbifold structure on X in fact only depends 
on the Morita equivalence class of the groupoid G. For an introduction to the 
theory of Morita equivalence of groupoids we refer to |Mo) . We merely remark 
that this allows us to choose a proper etale groupoid G representing the orbifold X. 
This groupoid has the property that for each cc G Go there exists a neighbourhood 
Ux C Go such that the restriction G\u^ is isomorphic to a translation groupoid 
^x^Ux, with Tx a finite group. This property gives the connection with the usual 
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definition of orbifolds in terms of local charts. In the following, we will denote by 
TT : G ^ X the projection onto the orbit space of G. 

2.3. Sheaves on orbifolds. The theory of sheaves on orbifolds is discussed in 
|MoPr) . One can use an orbifold groupoid to model the category of sheaves. In 
general a G-sheaf S on an etale groupoid G is a sheaf on Gq with a right action of 
G. This means that any arrow g : x y induces a morphism on stalks Sy — > Sx 
satisfying the obvious properties. A section a of a sheaf is said to be invariant, if 
on the level of germs one has [a]yg = [a]x for every arrow g : x y. The abelian 
category of G-sheaves of abelian groups is denoted by Sh(G). There is a left exact 
functor Finv : Sh(G) Ab, where Ab is the category of abelian groups, given by 
associating to a G-sheaf S its global invariant sections. Its right derived functors 
define the groupoid cohomology groups H'{G,S). 

Likewise, we have the compactly supported cohomology groups: consider the 
functor Finv.c : Sh(G) Ab, defined by 

Tinv.cl'?) = {a G rinv('5) I 7r(supp(a)) is compact in X}. 

Since G is a proper groupoid, this functor is left exact and the compactly supported 
cohomology groups H*{G, S) are defined as the right derived functors of rinv,c- This 
definition extends in the usual way to define the hypercohomology groups H* (G, S' ) 
and M'{G,S*) of any cochain complex S' of G-sheaves. 

Remark 2.2. The cohomology groups H*{G, S) are isomorphic to the (re-indexed) 
homology groups of jCRMoOO) . see Section 4.9 and 4.10 of that paper. In view of 
the cohomological indexing, we use the invariant instead of the coinvariant sections; 
the two are isomorphic as one can show by an averaging argument (properness is 
essential for this, cf. e.g. |Lol p. 280]). The homology theory of |CRMoOOj is defined 
for any etale groupoid, but not a derived functor in general. 

More generally, one can associate to every morphism f : G ^ H oi etale 
groupoids a functor 

/. : Sh(G) SU{H). 

For its construction, observe first that the functors /* and /^^ can be extended 
to the category of sheaves on etale groupoids in the obvious manner. The sheaf 
f\S G Sh(_ff) then has stalk at x G Go given by 

(/,5), :=ff°(a;//,^-i5), (2.1) 

where x/ f denotes the comma groupoid over x, that is the fiber of / over x: 

x/f H 



1 — G. 

Analogously, the right derived functors -R'^/i have a similar construction using the 
higher compactly supported cohomology groups of the comma groupoids. The 
Leray spectral sequence generalizes to the category of sheaves on etale groupoids. 
In particular, in the case of orbifolds this spectral sequence degenerates for the 
projection tt : G —^ X and induces an isomorphism 

H:iG,S)=H:{X,7T<S). (2.2) 
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Let us briefly discuss the Bar-complexes used in explicit computations of these 
cohomology groups. Denote by G^''-' the space of /c-composable arrows: 

GW = {(gi, . . . , fffc) e G^- I s{g,) = t{g,+,), z = 1, . . . , fc - 1}. 

These spaces are part of a simplicial manifold with face maps di : G^'^^ G^''~^\ 
i = 0, . . . , k defined as usual by 

{{g2,---,gk), for 1 = 0, 

(ffi, ■ • ■ ,5i • gi+i,gi+2, ■ ■ ■,gk), for i < i < fc - i, 
(gi, . . . ,5fc_i), for i = fc. 

Note that do, di : Gi ^ Gq are simply the source and target map. The geometric 
realization of this simplicial space is a model for the classifying space BG of the 
groupoid G. 

We have two maps efc, : G^*^^ Go, which send a string 

91 92 9fc 
Xo < Xl < . . . < Xk 

to Xk resp. xq- Let 5 be a G-sheaf. Define S'^ := Tf7^S and put 

Bk{G,S) :=re(GW,5'=). 

These vector spaces can be turned into a simplicial space by observing that there 
are isomorphisms d*S''~^ = S'^ which act on the stalks as identity for i ^ 0, but 
by 5i, if i = 0. Using this isomorphism, the simplicial maps di induce differentials 
in the obvious way, and its associated homology groups compute the homology 
H,{G,S), in case S is c-soft. 

Definition 2.3. (Cf. jCiRMoOOl Sec. 3] and [021 Sec. 2.3].) Let S, be a (bounded 
below) chain complex of c-soft G-sheaves. The hyperhomology of 5, on G then is 
defined as the total homology of the double complex B,{G,S,), i.e., 

H.(G,5.) :=i/.(Tot(B.(G,5.)). 

2.4. Orbifold cohomology. The notion of twisted sectors of an orbifold plays an 
important role in index theory (Ka) . Loosely speaking, it is a geometric way of 
dealing with the "stacky aspects" of an orbifold, that is, the automorphisms of 
points. As before, we let X be an orbifold, represented by a groupoid G. Denote 
by C Gi the "space of loops" 

={geG I s{g) = t{g)}. 

The groupoid G acts on S'"-' by conjugation and one defines 

AG := >^ G. 

This groupoid has "loops" in G as objects, and the space of arrows can be identified 
with 

AGi = {(gi,52)eG(2) |5iei3(")}. 

One observes that AG is again an orbifold groupoid which comes equipped with a 
canonical morphism /3 : AG G. The orbifold underlying AG is denoted X, and 
is called the inertia orbifold |UhRu| . There is a canonical open-closed embedding 
G ^ AG of groupoids. In fact, this embedding is induced by the partition of S'"' 
into so-called sectors of G: 

B(")=]Jo, (2.3) 
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where each O is a G-saturated open-closed subset of and minimal among such 
sets with respect to set-theoretic inclusion. We denote the set of sectors of G by 
Sec(G). Note that the above decomposition of S^"' induces similar decompositions 
of the inertia groupoid AG and the orbifold X, where each component of AG can 
be identified as O x G. The components besides Gq C AGq are called "twisted 
sectors" . The twisted sectors play an important role in orbifold cohomology, which 
we will now define. In the following, let £{0) denote the codimcnsion of a sector O 
inside G. 

Definition 2.4. Let X be an orbifold represented by a groupoid G. The orbifold 
cohomology groups and the orbifold cohomology groups with compact support of 
X are defined as 

H:.JX,C) := H*(AG,C) = 0iJ'(O>^G,C), 

o 

o 

Notice that the right hand sides are equal to cohomology groups of the inertia 
orbifold X. Our shifting of degrees differs from jCHRu| . but likewise we have a 
Poincare duahty Hi^^{X,C) x C) ^ C. In \r,¥iH\i\ . a remarkable cup 

product is defined on these orbifold cohomology groups, which however will not be 
used in this paper. 



2.5. Cyclic homology. Here we give a quick review of the basic definitions of 
Hochschild and cyclic (co)homology. For more details, one should consult e.g. |Loj . 

Cyclic objects. Let r e N* U {00} . An r-cyclic object in a category then is 
a simplicial object {X,,d,s) together with automorphisms (cyclic permutations) 
tk '■ Xk Xk satisfying the identities 

Uk-idi-i for i ^ 0, 
1 dk for i = 0, 

\tk+iSi^i for i 7^ 0, 
[tl+i-Sk fori = 0, 

1, if r 7^ 00. 



ditk+i 

^i^k 
.r(k+l) 



Just like a simplicial object is a contravariant functor from the simplicial category, 
an r-cyclic object is nothing but a functor from the r-cyclic category (cf. jCo83j '). 

Mixed complexes. A mixed complex (AT,, 6, B) in an abelian category is a graded 
object (Xfe)fcgN equipped with maps b : Xk Xk-i of degree —1 and B : Xk — > 
Xk+i of degree such that b^ = B^ — bB + Bb = 0. A mixed complex gives rise 
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to a first quadrant double complex B,^,{X) 



X, 



Xn 



X2 



Xi 



Xn 



Xi 



Xn 



Xo 

Definition 2.5. The Hochschild homology HH,{X) of a mixed complex X — 
{X,,b,B) is the homology of the (X,, 5)-complex, which sometimes will also be 
denoted by {C,{X),b). The cyclic homology HC,{X) is defined as the homology 
of the total complex associated to the double complex B,_,{X). 

Looking at the double complex above, it is clear that there is a short exact 
sequence of complexes 







(X.,6) ^ (Tot.S.,.(X),6 + B) ^ (Tot.S.,.(X)[-2],6 + B) 



0. 



With the definitions above, the associated long exact sequence in homology reads 

. . . ^ HHk{X) HCk{X) HCkMX) HHk-i{X) ^ . . . . 

This sequence is called the SBI sequence and relates Hochschild and cyclic homol- 
ogy. Stabilizing with respect to the shift operator 5, the homology of the inverse 
limit complex 

limTot.B...(X)[-2fc], 

is called the periodic cyclic homology HP,{X). Note that periodic cyclic homology 
is only Z2-graded. Alternatively, it is the homology of the super complex X = 
Xk with differential B — b. 

In case r ^ 00, an r-cyclic object (X,, d, s,t) gives rise to a mixed complex 
(cf. IJ^'eTsI A.3.2] and [USI 3.1.2]). Define 

fc-l k (fe+l)r-l 



and finally put B = {1 + {—l)''tk)sN . One checks that the triple {X,,b,B) is a 
mixed complex. 
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Example 2.6. Let A be a unital algebra equipped with an automorphism a. Define 
the simphcial object A\, = (^a,., d, s) by A^^ j, :— with face maps given by 



di{ao (g) . . . afc) 



J oq ® . . . ® fljOj+i . . . afe, if < i < fc - 1, 
|a(ai;)ao (8) . . . (X) afc_i, if i = fc, 

and degeneracies given by 

Si(ao ® . . . O Ofe+i) = flo ® . . . (g) (g) 1 (g) Gi^i (g) • ■ • (g) Ofe. 

The differential on the associated Hochschild complex (C,(Aq),6q) := 
then reads as follows: 

6q (ao g) ■ ■ ■ g) ttk) = 



(2.4) 



k 

= ^ oo g) • ■ • g) OiOi+i g) ■ • ■ g) afe + (--l)''Q;(afe)ao g) • ■ • g) a^.i. 

Its homology is denoted by HH,{Aa). The map 

tk{ao gi • ■ ■ g) flfe) = Q!(afe) g) oo g) ■ • ■ g) ttk-i 

defines an r-cyclic structure, where r denotes the order of a. When r is finite, one 
defines Hochschild, cyclic and periodic cyclic homology as in Definition 12.51 using 
this cyclic object. When a — 1, the chain complex (C,(A), 6) :— [A^,, 6) is nothing 
but the usual Hochschild complex. The double complex B,^,{A) associated to the 
mixed complex [A^,, b, S) is called Connes' {b, i3)-complex. In this case one denotes 
the homologies simply by HH,{A), HC,{A), HP,{A). 

2.6. Cyclic homology of orbifold groupoids. Here we briefly review the com- 
putations of IBrNiIIHr] of the Hochschild and cyclic homology of etale groupoids. 
To be precise, this is the homology of the convolution algebra of the groupoid that 
means of (G) with the multiplication 

{ai*a2)ig)= ^ 01(31)02(52), where ai,a2 G C^iG), g e G. (2.5) 
a 1 92=9 

Let us first describe the general idea behind the computation, which we will 
need in particular in Sec. I^when computing the Hochschild and cyclic homology 
of deformations of the convolution algebra. 

The convolution algebra is a special case of the "crossed product" algebra Axi G 
associated to any c-soft G-sheaf A of unital algebras. As a vector space, one has 
A>i G :— rc(Gi, s*A), and the multiplication * is determined by 

[ai*a2]g= ^ ([ai]gig2)[a2]g2; for 01,02 e rc(Gi,s*^), g e G, (2.6) 

91 92=9 

where [a\g denotes the germ of a at g. Indeed, for the sheaf of smooth functions, one 
recovers the convolution algebra (|2.5|) in this way. The computations of the cyclic 
homology involve one piece of machinery, introduced in full generality in Cr , that 
we briefly introduce now. 

Cyclic groupoids. A cyclic groupoid is an etale groupoid G equipped with a 
continuous map 9 : Gq — > Gi, x ^ 6^ such that s{9x) — t{9x) — x and gO^ = Oyg 
for all 5 G Gi with s{g) = x and t{g) = y. If ord(6'a;) < co for all a; G Go, we 
say that G resp. 6 is elliptic. Of course, any etale groupoid has a cyclic structure 
with Ox = u{x). The main example of a nontrivial cyclic groupoid is AG with 
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^(ff) = (ffiS) for a loop g £ B^^\ Notice that 9 is elliptic in this case, since we deal 
only with proper etale groupoids, i.e., orbifolds. Next, define a 6'-cyclic sheaf on a 
cyclic groupoid G to be an r-cyclic object X, in Sh(G) such that for all x G Go, 
the morphism [tk]x ■ {'^k)x —>- i'^k)x is given by the action of 9x- As explained 
in Sec. 12.51 this gives rise to a mixed complex {X,,b,B) of sheaves on G, if 9 is 
elliptic. We then denote the associated Hochschild complex by {C,{X),b) and the 
associated double complex by We now define, using the hyperhomology 

from Dcf. O 

Definition 2.7. The Hochschild and cyclic homology groups of a 6'-cyclic sheaf X 
on an elliptic cyclic groupoid G are defined by 

HH,{G,9;X) H.(G, (C.(A'), 6)), HG.{G,9;X) := M,{G, {Tot, B...{X),b + B)). 

Notice that the boundary operators b and B involve the twisting by the cyclic 
structure 9. Of course, for an etale groupoid with the trivial cyclic structure this 
twisting is trivial. As explained in Sec. 12.31 for a complex of c-soft sheaves, ho- 
mology is computed from the Bar-complex of G. Therefore, we have the following 
consequence of the Eilenberg-Zilber Theorem which will be used implicitly several 
times throughout this paper. 

Proposition 2.8. {Cf. |(/Rl 3.2.8].) If X is a 9 -cyclic sheaf on an elliptic cyclic 
etale Lie groupoid G such that each Xk is c-soft, then HH,{G, 9; X), HCt{G, 9; X) 
(and HP,{G,9; X)) are computed by the diagonal of the bisimplicial vector space 
Bt{G,X,), i.e. by the cyclic vector space 

T,{G,9-X): ■■■ Hrc(G(2),A'2)^rc(G(i\^i)^re(G("\A'o). 

Let us now recall the basic idea behind the computations of Hochschild and 
cyclic homology. We have groupoids and maps as follows: 

AG 




NG G 

where NG is the groupoid obtained from AG by dividing out the action of the 
cyclic structure. It has the same space of objects B'^'^\ but NGi = AGi/Z, where 
n ■ g = (^s{g)9' n (^Ij. Then, consider the functor 

r := a, o/J-i : Sh(G) -> Sh(7VG). (2.8) 

Any sheaf of algebras A gives rise to a cyclic sheaf in Sh(G) by putting := 
^fe+i-^^^'"^^^ where : Gq (Go)'' is the diagonal embedding. 

Remark 2.9. Notice that in the case of sheaves of locally convex topological al- 
gebras, e.g. the sheaf of smooth functions, one has to make a choice with respect 
to the topology on the tensor product. In most cases, one chooses the projective 
tensor product topology |Gr[ Chap. 1, §1, Def. 1], but in our setting the inductive 
tensor product topology |(tR| Chap. 1, §3, Def. 3] is more natural. To circumvent 
such subtleties bornological instead of topological tensor products could be used. 
For a discussion on this point see for instance |Me| . 
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The pull-back sheaf :~ f3^^A^ to the cyclic groupoid AG carries a natural 
6'-cyclic structure; the stalk of A^^ at g G B'-^^ is the r-cyclic vector space (^^(g))^ 
as in Example 12.61 with the automorphism given by 6g. Applying the functor a\, 
one can kill the twisting and compute the twisted cyclic homology of At^ as sheaf 
homology over NG. (This follows from |Cr,I Prop 3.3.12] and the fact that AG is 
elliptic for G proper.) 

The general idea in the computation of Hochschild and cyclic homology of the 
crossed product ^ xi G is to relate it to sheaf homology of At^ over AG. This 
proceeds in two steps: 

Step I. Reduction to loops. Consider Burghelea's space 

B*'^ {{go, ■■■,9k) e G^'+'\ t(.9o) - KSfe)}- 

There is a map at ■ B'-^^ {GqY+^ , ak{go, ■■■ ,9k) = (s(go), • • • , s{gk))- For any 
c-soft sheaf of unital algebras A, we define the vector spaces 

T.aIa := r,(BW,a-M^('=+^^). (2.9) 

By construction, FcA^.^! is the space of global sections (with compact support) of 
the sheaf aIa on B'-''^ which for {go, ■ ■ ■ , gk) & B^^^ has stalks (A^y4.) given 
by germs 

[ao® •••(g)afe](g„_...^g^.), (2.10) 

where each Oi is an element of A{Ui) defined over an open neighborhood Ui of s(gi). 
As explained in |Cr[ Sec. 3.4], the vector spaces FcA^^ carry a canonical cyclic 
structure, combining the structure maps from the underlying cyclic manifold B^*^ 
with the structure maps from the cyclic sheaf A^. The associated Hochschild and 
cyclic homology is denoted by HH,{TcAiA) and iJG, (FcA^^). 

In case of the convolution algebra, that means in case A is the sheaf of smooth 
functions with compact support, we use, as stated above, the completed inductive 
topological tensor product in the definition of the cyclic vector space. The 
completed inductive tensor product has the crucial property that 

C^{M)'^C^{N) = C^{M X N) 

for two smooth manifolds M and N. We therefore have topological linear isomor- 
phisms 

{A X G)l = r,(G,s-M)® ■ • ■®F,(G,s-M) ^ F,(G^-+\s^^,^^('=+i)), 

where = s x . . . x s. The "reduction to loops" now is the natural projection 

p:r,(G^-+\s^^i^^(^-+i)) ^F,(BW,a,7U^('=+i)), (2.11) 

given by the restriction iJ^*^^ C G'^^'^ . This defines a map of cyclic vector spaces 
(A X G)l -> FcA^^. The essential point proved in [Br'niI Prop. 3.2] and [HrI 
Prop. 4.1.1] is that for A the sheaf of smooth functions this map induces isomor- 
phisms in Hochschild and cyclic homology. 

Step II. Relation to sheaf cohomology. The Hochschild and cyclic homology 
of the cyclic vector space FcA^^, defined in (|2.9|l . turn out to be related to sheaf 
homology on the inertia groupoid AG: 
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Proposition 2.10. {Cf. jCR| .) For any c-soft sheaf of unital algebras A on a 
proper Stale groupoid G, there are natural isomorphisms 

HH,{T,AiA) ^ HH,{AG,9:AI) = HH,{NG,t{A^)), 

HC,{T,AlA) - HC,{AG,9;AI) - HC,{NG,t{A^)). 

Sketch of Proof . There is an isomorphism B'-'^^ ^ (AG)fe of cyclic manifolds, which 
induces an isomorphism of cx)-cyclic vector spaces 

Over the stalk at (gg, ■ • • ,gk) G B^''\ the isomorphism is given as follows: 

(A^A) ~>(A^ ) ^([3^^A^) 

^ Hgo:---,gk) \ '■"''='^(si---9feSo,gi,--- :3fe) ^ ^' (gi---gkgo,gi-/-- -.gk) 

[ao®---® afe](<,„,... ^ [(ao.gi • • • gugo) ®---® K5o)](gi...g,go,gi,... .g,)- 

(2.13) 

By Proposition the cyclic vector spaces on the right hand side computes the 9- 
twisted Hochschild and cyclic homology of ylJw on AG. By applying a\ one obtains 
the second isomorphism in Hochschild and cyclic homology. □ 

Applied to the sheaf of smooth functions, the twisted Hochschild-Kostant- 
Rosenberg Theorem |CrI Lem. 3.1.5] shows that A^^ is quasi-isomorphic {C^qY, 
the usual cyclic sheaf associated to the commutative sheaf of smooth functions 
on AG. Applying the Hochschild-Kostant-Rosenberg-Connes quasi-isomorphism 
(C,(C^), b) = (^^AG, 0), which turns the i3-operator into the de Rham differential, 
one finds the additive isomorphism 

HC,{A X G) i?e*(AG, C) = C) . 

Localization. As explained in |Br,NiI Prop. 3.3], the partition 1)2.3(1 of _B'^°) into 
sectors induces decompositions 

HH,{A X G) ^ HH,{A x G)o HH,{AG\o,e- At), 
o o 

HC,{A X G) ^^HC,{A X G)o := i/G.(AG|o, ^^L), 
o o 
and similar for periodic cyclic homology. Of course, this can be read off from the 
final result of the computation in terms of orbifold cohomology, but it also follows 
by acting with idempotents cq G (/3~^^)(AG) having support O on the complexes 
r.(AG,6';y^S^). In fact, this works for any fine sheaf of unital algebras. 

2.7. Quantization of proper etale groupoids. In |TA04b| . the last author con- 
sidered deformation quantization of a pseudo etale groupoid and proved that one 
can construct star products for such groupoids. As a special case one obtains that 
every proper etale Lie groupoid with an invariant Poisson structure has a formal 
deformation quantization. In this section, we will recall the basic concepts and 
constructions from jTA04b| . 

Definition 2.11. (Cf. |BlGe| and [Xuj .'l A Poisson structure on an associative 
complete locally convex topological algebra A is an element [11] of the (continu- 
ous) Hochschild cohomology group H'^{A,A) such that the cohomology class of the 
Gerstenhaber bracket [H, H] vanishes. 
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Remark 2.12. If 11 G Z'^{A,A) is a Hochschild cocycle representing a Poisson 
structure on A, one has [11, H] = (5(8) for some Hochschild cochain 8 on A; in the 
following we will occasionally make use of this fact. By slight abuse of language, 
we sometimes also call 11 a Poisson structure on A. 

Definition 2.13. (Cf. |BLGEllTA04b| .) Let {A, [11]) be a noncommutative Poisson 
algebra, and A[[h]] the space of formal power series with coefficients in A. A formal 
deformation quantization of (A, [11]) (or in other words star product) then is an 
associative product 

oo 

★ : A[[h]] X A[[h]] A[[h]], (ai,a2) i-^ai*a2 = ^ ?i''cfc(ai, 02) 

k=0 

satisfying the following properties: 

(1) Each one of the maps Ck : A[[H]] A[[h]] -> A[[h]] is C[[?i]] -bilinear. 

(2) One has co(ai, 02) — ai ■ a2 for all ai, 02 £ A. 

(3) The relation 

ai*a2 - co(ai,a2) - ^hU{ai,a2) G fi^A[[ft]] 

holds true for some representative 11 e Z'^{A,A) of the Poisson structure 
and all oi , 02 S A. 

From now on we consider a proper etale Lie groupoid G and let A denote the 
sheaf of smooth functions on Gq. 

Definition 2.14. A Poisson (resp. symplectic) structure on G is a Poisson (resp. 
symplectic) structure H on the unit space Gq which is invariant under the local 
diffeomorphisms induced by the source and target maps. 

One easily checks that in the symplectic case, this notion is equivalent to the 
definition of a symplectic orbifold. Note that an invariant Poisson bivector on Go 
has a canonical lift to a Poisson bivector on Gi. Having this in mind define a 
Hochschild 2-cochain on .A x G by 

n(ai,a2)(g)= ^ U{g){[dai]g^ (g) [da2]g:,), g G Gi, ai, 02 G A x G, (2.14) 

ai 92=9 

where [doijgj and [<ia2]g2 have been pulled back to g along the maps t and s. 
In |TA04b| . it was proved that this Hochschild 2-cochain gives rise to a Poisson 
structure on the convolution algebra indeed. For convenience, we will simply denote 
the Poisson structure H on A x G by H as well; this will not cause any confusion. 
As proved in |BlGe| . the center of a noncommutative Poisson algebra carries a 
natural Poisson structure in the commutative sense. For proper etale Lie groupoids, 
the center equals C°°(X), the smooth functions on the orbifold with the Poisson 
structure considered in |Pf03| . 

In jTA04bj it has been shown that the above Poisson structure on the groupoid 
algebra of a proper etale groupoid admits a formal deformation quantization. Such 
a deformation can be constructed as follows: first construct a deformation quanti- 
zation of the Poisson manifold Gq, invariant under the action of the groupoid. In 
the symplectic case this can be done by Fedosov's construction jFE94| associated 
to an invariant symplectic connection. This defines a fine, so in particular c-soft, 
sheaf of noncommutative algebras A^^ G Sh(G). The associated crossed product 
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algebra A'^ x G, as in H2.6|l . quantizes the convolution algebra A yi G with the 
Poisson structure (|2.14(l . We denote the multiplication on A^ x G which combines 
the star product ★ on A^ with convolution on G by -kc- Notice that Tinv.ciA^) is 
the deformation quantization of C^{X) with the induced Poisson structure as the 
center of (G) ; the thus obtained star product algebra coincides with the formal 
deformation quantization studied in jPF03| . 

3. HOCHSCHILD COHOMOLOGY OF ETALE GROUPOIDS 

Given a proper etale Lie groupoid G, we will determine in this section the 
Hochschild cohomology H'{A x G,A x G), where A is the G-sheaf of smooth 
functions on Gq. Recall that the (continuous) Hochschild cohomology of ^ x G 
with values in a locally convex topological {A x G)-bimodule Ai is defined as the 
cohomology of the cochain complex (C*{A x G,A^ ),/?), where 

C'^iA yG,M) = Hom(^,G)_(^,G)((^ X Gf^^+'lM), 

and P is the standard Hochschild coboundary map (see jLol Sec. 1.5]). Hereby, we 
have denoted by Hom(_4>^c)_(_4x,(5) (TV, 7W) the vector space of continuous {A x G)- 
bimodule maps between two locally convex topological {A x G)-bimodules M and 
M. 

Remark 3.1. Even though ^ x G is usually nonunital, the standard complexes 
derived from the Bar resolution can be used to compute Hochschild (co)homology, 
since ^ x G has local units, hence is H-unital (cf. ICrMoOTI Prop. 2]). The same 
holds for the deformed convolution algebra A'^ x G. Later, we will tacitly make use 
of this fact when we determine the Hochschild homology of A^ x G. 

For the computation of H*{A x G,^ x G) we proceed in several steps. 

Step 1. In the following we provide a more convenient description of the cochain 
complex G* := G*(yl x G, „4 x G) and identify it with the complex of global section 
spaces of some sheaf complex /C* on the orbit space X := Gq/Gi. To this end first 
note that the Frechet space C°°{Gi) inherits from the convolution algebra A >i G 
the structure of a locally convex {A x G)-bimodule. More generally, observe that 
for every open subset U C X the Frechet space C°°(C/i) of smooth functions on the 
preimage Ui :— (tto s)^^{U) C Gi becomes a topological {A x G)-bimodule by the 
formula 

(ai * a * 02) (g) = ^ ai(/ii) a(ft) a2(/i2), (3.1) 

hi hh^—g 

where 01,02 G ^ x G, a G C°°{Ui) and g G Gi. Now, choose for every compact 
K C Gi a smooth function ipn '■ Gq —^ [0, 1] with compact support such that 
(Pk{x) — 1 for all x G s{K) U t{K). Let tpK^u ■ Gi [0, 1] be the function which 
coincides with ipK on u{Gq) and vanishes elsewhere. Then ipK^u is an element of 
the convolution algebra, hence for every cochain $ G G^ one obtains a continuous 
linear map ^-.{Axi G)® ^ C°°{Gi) by putting 

l>(ai (g) • • • ® afc)|_R- = ^{(PkSu <E) ai (g) ■ ■ ■ (g) Qk <E) ^Pk5u)\k, 

where K runs through the compact subsets of Gi . One checks immediately, that 
is well-defined and continuous indeed. Moreover, it is easy to prove that the map 
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identifies C*^ with Honi((^ >o G)® '^,C°°(Gi)). Having this identification in mind 
we now put for every open U C X: 

/C'=(C/) Hom((^ X G)®^C°°(C/l)), Ui := {tt o s)~\U) , (3.2) 

where C°^{Ui) carries the A xi G-bimodule structure given by Eq. (|3.1|l . Since the 
Hochschild coboundary is functorial with respect to restriction maps, and since the 
smooth functions on Gi form a sheaf, IC* is a complex of sheaves on X. By the 
above identification it is clear that IC'{X) can be naturally identified with G*. 

Step 2. In this part we prove a localization result for Hochschild (co)homology 
of the convolution algebra. To this end we need some more notation. First let us fix 
a smooth function p : R ^ [0, 1] which has support in (— oo, |] and which satisfies 
g{r) = 1 for r < i. For e > we denote by the rescaled function r 
Next choose a G-invariant metric d on Gq such that (P is smooth, and set for every 
G N U {-1}, z = 1, • • • , A:l and e > 0: 

*fc,i,e(5o,5ir ■ ■ ,9k) = '[[ge{(f{s{gj),t{gj+i))), where pfc+i ■= go- 

3=0 

Moreover, put ^-fe^^ 'i'k,k+i,e- 

Given a Hochschild chain c resp. a Hochschild cochain F (of degree k) we now 
define -^k^^c e Ck := CkiA x G, ^ x G) resp. '^''^^F e := C''{A x G, ^ x G) as 
follows: 

(*fc,£c)(5o,5i, ■■■ ,9k) *fc,e(go,gi, ■ ■ ■ ,5fe) ' c(5o,5i, ■ ' ■ ,9k), 
{^'''^F{ai ^■■■(g)ak) (go) := F{^k.e{9Q\ -,■••,-)• (ai ® ••• ® a^)) (50), 

{90,91,- ■■ ,9k) eG^+\ ai,--- eCr(G). 

One immediately checks then that the operations and 5'*'^ are both chain 
maps on the Hochschild chain resp. cochain complex. 

Let us now construct a homotopy between the identity operator and ^'.^^ resp. 
To this end define maps rik.i,e ■ Ck Ck+i for 1 < i < k + 1 and maps 77*^'*'^ : 
(jk _^ (jk-i for 1 < i < A: as follows: 

Vk,i,s{c) {90,91,- ■■ ,9k+l) = 

^ f*fe+i,i,e(go,gi, ■ • • ,9k+i) ■c{go,--- ,5^-1,3^+1, ■• ■ ,gk+i) ■ Suigt), i<k + l, 
\*fe+i,fc+i,e(5o,5i, ■ • ■ ,9k+i) ■ c{gQ, ■■■ ,gk) ■ 6u{9k+i), i = k + 1, 

and 

7/'='*'"(F)(oi(g)---®afe_i)(5o) = 

_ \ F{'^k,i,£{9o^, ■ ■ • , -) ■ (fli ® ■ ■ • (8 a^-i ® 6u a, iSi ■ ■ ■ <S) ak-i))i9o), i < k, 
\^'(*fc,fc,e(g(7\ • • ■ , -) • (ai «) ■ • ■ ^flfe-i «"5u))(5o), i = k. 

Hereby, 5u G C°°{G) denotes the function 



9 ' 



1, if 5 = u{x) for some x G Go, 
0, else. 



By a somewhat lengthy, but straightforward computation one then proves the fol- 
lowing result. 
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Proposition 3.2. The maps 

k+l 

i=l 
k 

i=l 

form a homotopy between the identity and the localization morphism ^»,e resp. Vt*'^. 
More precisely, 

{bk+iHk^e + Hk-i.ebk)c = c-^,,^c forallceCk, (3.3) 

{^pk-l^k,e ^^k+l.epk^p ^ p _^.,ep for all F £ C'' . (3.4) 

Sketch of Proof. Let dk.j : Ck Ck-i be the face maps of Example 12.61 Then 
one easily checks the following commutation relations for i = 1 

{c(5o, • ■ ■ ,9k), if j = 0, 

(*fc4,ec)(go,--- ,9k), if j ^ 1, 

(??fe-i,i,£ dk,j-i c) (50, • • • ,gk), if 1 < j < fc + 1, 



for i = 2, ■ • • ,k 



(d/c+ij Vk,i,E c) {go, ■■■ ,9k) 



and for i = k + 1 



' iVk-i.i-i.,e dk,] c) {go, ■ ■ ■ ,gk), if < j < i - 1, 

{'i'ka-i,ec){9o,--- ,9k), if j = 2- 1, 

{'^k,i,ec){go, - ■ ■ ,gk), if j = i, 

Xm-LLe dk,j-i c) {go, ■ ■ ■ ,gk), if i < j < fc + 1, 



{r]k-i.k,e dk,j c) {go, ■ ■ ■ ,gk), if < j < k, 
(dfc+i J 77fc,fc+i,e c) {go, ■■■ ,gk) = { (*fe,fc,ec) {go, ■ ■ ■ ,gk), if j = k, 

(*/c,fe+l,e c) (50, • ■ ■ , 9k), if j = fc + 1. 



From these commutation relations one immediately derives Eq. 

Now let us consider the dual case. Let cr'^'^ : C*^ (7*^+^, j = 0, ■ ■ ■ , k + 1 he 
the face maps of the cosimplicial vector space C*, i.e., let 

{ai>i=F(a2®---®afe+i), if j = 0, 

F{dk+i,j{ai (g) • • • ® Ok+i)), if 1 < j < fc + 1, 
F{ai (E) ■ ■ ■ ^ Ok) * Ok+i, if j ^ k+l. 

For i — 2, ■ ■ ■ ,k and j = one then computes 

(^/c+i..,s^Mj7)(ai0...,^a,)(go) = 

= (cr'^^o F) {'i'k+i,t,ei9o\ ,-)••■ (ai (8 •■• (g) ai_i «)(5„ (g) a, (g) ■ • ■ ® afe) {go) 

= ^ ai(/i) • F{'ifk+iA,E{9o^,fT', -,•••,-)• (02 gi ••• g) a^-i g) i5„ g) g) • • • g) Ofe) (/i') 

h h'=go 

= ai{h) ■ F{^k,t^i,e{{h')^^, -,•••,-)• (02 (g ••• ® a,_i g) (5„ (g Oi ® • • • (g Ofe) {h') 

h h'=go 

= {a'^-'-^r,''''-'-' F){a,(g>---(Eak){go). 
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By computations of this type and the corresponding relations in the homology case 
one obtains for i = 1 

rF(ai®---®afc)(go), ifi = 0, 

= < F(*fe4,e(5fr\ -,•••,-)• (ai «>••• <» afe))(5o), if j = 1, 

[{a'^-^-^-^ T^k,i,e F){ai ■ ■ ■ CS> ak) (go), if Kj < fc + 1, 
for i = 2, - ■ ■ ,k 

a'''^ F){a, ^ ■ ■ ■ ^ ak) (go) = 
• (^fc-ij ^K^-l,e F){ai(S>---C^ Uk) (go), if < j < 2 - 1, 

F{^k,i-i,e{go\ -,•••,-)■ (ai ® ••• (g afe))(5o), if j = i - 1, 
^'(^'fe,i.e(.go'\ • • • , -) • (fli • • • ® afe))(5o), if i = 
(^fe-i j-i ^fe,^,e i;^) (a^ ® . . . 55 ak) (go), if z < j < fc + 1, 

and for i = k + 1 

• F){ai'»---^ ak) (<?o), if < j < fc, 

^'(*/c,fc,e(5o'^ -,•■•,-)• (ai «)■■■ ® afe))(ffo), if j k, 
F(*fe,fc+i,e(5cr\ -, ••■,-)• (ai «)■•■ O afe))(5o), if J = fc + 1. 

Using Z?*^ = l)-'cr'^'-' , these commutation relations immediately entail Eq. H3.4|l . 

□ 

Denote by the subspace of all Hochschild chains with support in the comple- 
ment of 

Uk+i,e := {{go,-- - ,gk)eG''+^ \ d^{s{go),t{gi)) + ■ ■ ■ + d\s{gk),t{go))) < e} 

and by the space of all Hochschild cochains having support in in the complement 
of 

Uk+i,e := {{go, ■--,gk)e G^'+i | d'{s{g^'),tig^)) + ■■■ + d'{s{gk),t{g^'))) < e}. 

Moreover, let resp. Cq be the union of all resp. , where e runs through 
all positive real numbers. Then the proposition entails 

Corollary 3.3. The subcomplexes and C' are acyclic. In particular, the quo- 
tient maps 

C. C./C^ and C* C* /C* 

are quasi-isomorphisms. 

Remark 3.4. Originally, Brylinski-Nistor have shown in |BrNiI Prop. 3.2] that 
C, — > C,/C^ is a quasi- isomorphism and used this result to compute the Hochschild 
homology HH,{A x G). 

Remark 3.5. In the case, where G is the Lie groupoid whose objects and arrows 
are given by the points of a smooth manifold M, one recovers the well-known 
localization scheme for Hochschild homology a la Teleman |Te|. In the following, 
we will freely make use of this fact. 
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Step 3. In the third step we restrict our considerations to the case, where G is a 
transformation groupoid T k M of a finite group T acting on a smooth manifold M. 
Recall that then Gi^T x M, Gq = M and that every 7 e T acts on A := C°°{M) 

by 

7a(p) = a{j~^p), where a & A, p £ M. 

Moreover, every element a of the convolution algebra AxT has a unique represen- 
tation of the form 

a^^f^S^, (3.5) 

where G A and where f^Sj is the function which satisfies f-y5^{'^,p) = f-yi^p) 
and vanishes elsewhere. One easily computes that then 

/i<57i * /2<572 = h{lih) <57i72 for all /i, /2 e A and 71, 72 e T. (3.6) 

Concerning the topological tensor product considered, one should observe in the 
following that the completed inductive tensor product A® A and the completed 
projective tensor product A® A coincide, since A is a (nuclear) Frechet space. 

Lemma 3.6. Let T act on the space Hom(yl'*'^, A x F) (of continuous linear maps) 
as follows: 

(70)(/i ® •■ • ® /fe) = (57 *0(7"Vi (i)---®l~^fk)*5^-i. 
Then the relation 

fde * 1^ * f'5e = 7((7"V)'5e * * {r^f')5e) (3.7) 
holds true for all (f) £ Hom(A^'=, A x F) and /, /' G A. 

Proof. The claim is an immediate consequence of Eq. (|3.6|l . □ 

Consider now the vector spaces Cp'™ = Hom(CF™, Hom(A'^", A x F)), where 
n, m e N. Using the F-action on Hom(A®'^,A x F) from above, the simplicial 
structures coming from group cohomology and Hochschild cohomology then induce 
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on Cp * the structure of a bicosimphcial vector space as follows (where \l/ € C™'"): 

< : C^T'" ^ dl^ij^, . . . ,7™+i) = 
7i(*(72, • • ■ ,7m+i)), ifi==0, 

^'(71, . . . ,7i7j+i, . . . ,7„+i), if 1 < i < m, (3.8) 
^^'(71, . . . ,7m), ifi=:TO + l, 

< : C^T^" ^ C™-"+\ di^iJ^, . . . , 7™) (/i ® • • • ® /n+i) = 

' flSe * «'(7l, • ■ • , 7m)(/2 • • • ® /n+l), if j = 0, 

*(7i,...,7,„)(/i®---«)/j/j+i(g)---®/„+i), ifl<j<n, (3.9) 

*(7l, • • ■ ,7m)(/l ® ■ • • «)/n) * fn+lSe, if j = ?l+ 1, 



C^P ' ^ Cp ', <^'(7i, . . . ,7„_i) = 

_ r^'(e,7i, . . . ,7„i_i), if i = 0, 

1 *(7i, • ■ • ,7i, 6,7^+1, . . . ,7m-i), if 1 < z < m - 1, 



(3.10) 



si : C^^- ^ C?^'"-\ si^i^,, . . . ,7™)(/i ® • • • ® fn-i) = 

^ ('^'(7i,...,7„)(l(g)/i(g)---«)/„_i), if j = 0, 

|^'(7l, . . . ,7m)(/l ®---®fj®l® fj + 1 • • ■ ® fn-l), if 1 < i < n - 1- 

(3.11) 

The (resp. d^) form the vertical (resp. horizontal) face maps of the bicosimplicial 
vector space, the (resp. s^) the vertical (resp. horizontal) degeneracies. Using 
Lemma 13.61 it is easy to show that every vertical structure map commutes with 
every horizontal structure map, hence C''' is a bicosimplicial vector space indeed. 
For example, let us show that d^ and djj commute: 

{d°^d^-f) (71, . . . ,7m+i)(/i ^---^ fn+i) - 

= S-a * (7rVi'5e) * *(72, • ■ • ,7m+i)(7rV2 7rV«+i) * <5^-i 

flSe * 5^1 * *(72, ■ • • , 7m+l)(7r V2 ^■■■® 7r Vn+l) * S^-l 

= (^1, . . . ,7„+i)(/i ® . . . ® /„+i) (3.12) 

At this point recall that the bicosimplicial space C*'* induces the structure of 
a cosimplicial space on the diagonal C' := diag(Cp*) (see |WeI Sec. 8.5]). Its 
structure maps are given by = dj^ c?^ and = sj^ s^. 

Proposition 3.7. Define for every <i> € C*''(A x F, A xi F) an element $ g Cp = 
Hom(CF'^, Hom(^'=, A F)) as follows: 

4(7i,...,7fc)(/i«)---(g)/fe) = 

= $((71 72 • • • 7fe/i)'^7i ® (72 • ■■lkf2)5^n ®---® {lkfk)5^^). (3.13) 

T/ien " : C*(A X F, X F) — > C* is a cosimplicial map. 
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Proof. Denote by 5' the face maps of Hochschild cohomology, which act on a cochain 
$ e (7*^(71 X r, A >^ r) as follows: 

b'<P {fiSy, ® ■ ■ ■ ® fk+iS^,+J - 

{fi^ii * $(/2^72 • • • ® fk+iSjk+i) if i = 

*(/i^7i "X) ■ • ■ «) /fc^^J * /fc+i^7fc+i if i = n 

(3.14) 

Then compute for 1 < i < k: 

(71, . . . ,7fc+i) (/!«'■■■«) /fc+i) = 

= 6'$((7i . . . "fk+ifi)Sy, ■ • ■ ® (7fe+i/fc+i)^7fc+i) 

= $((71 . . .7fc+i/i)(57i ® • • • (7i 7i+i • ■ •7fc+i(aiai+i))'^7i7,+i • . • ® 7fe/i)) 

= $(71, . . . , 7fe+i)(ai «)■■■«) flfc+i). (3.15) 

By a similar computation one shows that " preserves all the other face and the 
degeneracy maps. This proves the claim. □ 

We now have the tools to show the following result. 

Proposition 3.8. {Cf. |CaGiWiI Prop. 4.1]) Let T be finite group acting by dif- 
feomorphisms on the manifold M , and A the Frechet algebra of smooth functions 
on M. Then the Hochschild cohomology H*{A,A xi T) carries a natural T-action 
such that 

H'{A X r, A X r) ^ H*{A, A X r)'^. (3.16) 

On the level of cochains, this isomorphism is induced by the following chain map: 

C''{A yiT,A yiT) ^ C''{A,A x T), F ^ (ai at ^ F{aiSe ® . . . UkSe)), 

(3.17) 

where aiSe denotes the smooth function on T x M which coincides with ai on the 
unit space u{M) and vanishes elsewhere. 

Proof. By the Eilenberg-Zilber Theorem one has 

H*diag(C;:'*) = i7'(TotCr''). 

Moreover, there is a spectral sequence 

E'^-'^ ^ H^{C'/^), ^2™'" - ^r^^h (Cr ') ^ i/'"+"diag(C;:'*). 

Now recall that the group cohomology of a finite group vanishes in degrees > 1. 
Using the F-action from Lemma 13.61 we thus obtain the following chain of natural 
isomorphisms: 

H'\A X r, A X r) ^ i/"diag(Cr') ^ H°H^{C' '') ^ {H'{A,Axi T)f. (3.18) 

This proves the first claim; the second is a direct consequence of Prop. 1X71 and the 
spectral sequence argument leading to Eq. (|3.16l) . □ 
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Corollary 3.9. Let r,M,A as above and Ac C^(Af) the algebra of smooth 
functions with compact support on M . Then there exists a commutative diagram of 
canonical isomorphisms: 

HH^{A -aT^A-aT) ^ HH''{Ac >^ T, x T) 



HH''{A,Ayi rf HH''{Ac,Ac x r)^. 

Proof. Using the identification " of the first step one checks that the following 
niorphisms are chain maps: 

c''{a X r,A X r) ^ Hom((Ac X ^)^^^ X r) ^^^c'^iA^ x r,yic x r) 

1-^ ((Ac X r)® 9 ai (g) . . . (8) Ofe 1-^ F{ai (g) . . . Ofe) G A x r) , 

and 

C'=(A, A X r) ^ Hom(Af ^ A X r) ^ C''{A^,A^ x T) 

F ^ {Af'' 9 . . . ® ^ F(/i ® . . . /fc) e A X r). 

With the help of the localization maps 'J'*^^ (associated to a complete F-invariant 
metric d on M) and an appropriate invariant smooth partition of unity on M one 
can construct quasi-inverses to the chain maps C* {AytT , AxT) C {A^. x F, Ac x F) 
and C'{A,A x F) — ^ C'{Ac,A^ x F). Thus, the two horizontal arrows in the 
above diagram are isomorphisms. The left vertical arrow is an isomorphism by 
the preceding proposition, hence the induced right vertical arrow has to be an 
isomorphism as well. □ 

Step 4. According to Prop. 13.81 it suffices to compute the (invariant part 
of the) cohomology of the cochain complex C*{A,A x F), if G is a translation 
groupoid F K M. To this end we specialize the situation further and assume that 
M is an open F-invariant neighborhood of the origin of some finite dimensional 
linear F-representation space V . We choose a F-invariant scalar product on V and 
orthonormal linear coordinates a:i, . . . , x„ of such that xi, . . . , a;^ span the fixed 
point space and xi_^+i, . . . ,Xn span W, the subspace orthogonal to . We 
assume further that M has the form x N with M'' an open ball in V and N 
an open ball in W . 

For the computation of H'{A^A x F) we will use the (topologically projective) 
resolution of A given by the Koszul complex {K,,d) associated to the regular se- 
quence (xi (g) id — id a;i, . . . , a;„ (g) id — id (g) a:„) in A^A. More precisely, the 
resolution of A by has the form 

— > A^A (g) A"l/* ^ A(§)A (g A'^V* ^ A^A A — > 

with differential d : Ai^A g) A'^V* A(g)A (g A''~^V* given by 
/i (Xi /2g' dxi^ A ... A dxi^ 

k 

^(-1)^ {x,^ /i <g /2 - /i g) /2) g) dx^, A ... A dx.,^ A ... A da;,, . 
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Let US provide another description of the Koszul complex {K, , d) . Denote by Ek 
the pull-back bundle pr2(A'^T*M), where A''T*M is the exterior product of the 
cotangent bundle of M, and pr2 : M x M — > M is the projection on the second 
coordinate. Then the vector field 

i-.MxM^V, (p,g)^^b,g)=^(xi(p)-Xi(g))— , (3.19) 

comprises a section of which docs not vanish outside the diagonal. Moreover, Ky; 
can be naturally identified with the sectional space T°°{Ei.), and d is the insertion 
of the vector field ^. 

The cohomology H*{A, AyiT) now is given as the direct sum over the elements 
7 e r of the cohomologies of the cochain complexes (Hom(_ftr,, A^),d*^, where 
coincides with A as a Prechet space and carries the following A-bimodule structure: 



(/i*a*/2)(p) =/i(7P)a(p)/2(p) forallpeM, aeA^, /i,/2eA (3.20) 

This entails immediately that for every natural k there is a canonical isomorphism 

r?fe : r°°(A'=TM) ^ YLomA-A^Ku, A^), r ^ 7?(r), 

which is uniquely determined by the relation 

r]{T){uj) = {A;uj,t) for all ujer°^{Ek). 

Hereby, (-, -) : n'=(M) x A'^TM C°°{M) denotes the canonical fiberwise pair- 
ing, A.y : M — > M X M is the embedding p i— > {'yp,p), and A* a; is defined by 
(A*w(p),i;) = (tj(A-.y(]3)),i;) for every p e M and v G TpM = V. Clearly, rik is in- 
jective. Let us show that it is surjective as well. Let be a continuous A-bimodule 
map from r°°{Ek) to Aj and define for all multiindices 1 < ii < . . . < ik < n 
coefScients Ti^^,,,^i^ by Ti^^...^i^. := F(pr2(rfa;ii A ... A dxi^)). Then r] maps the 
multivectorfield 

^ d d 

ii<...<%k 

to F, hence rj is surjective. 

Now let K be the vector field on M defined by 

" d 

i — l-y+l * 

Under the isomorphism r], the cohomological differential d* corresponds to the 
operation k A — . To check this, let ui S r°°{Ek+i) and compute: 

{d*r]{T)) (w) = v{r) ikoo) = (A;ijw,T) = {ilA;u;,T) = {A;u,kAt) = ?7(KAr)(w), 

which proves the claim. Hence it remains to determine the cohomology of the 
cochain complex 

(r°°(A*TM),KA-). (3.22) 

But this complex is a dual Koszul complex. To compute its cohomology observe 
first that the decomposition V = V^(BW induces a decomposition of the alternating 
multivector fields on M as follows: 

k 

r°°A'=(rM) ^0Af(y^)®r°°(A'=-fpr^TiV)), (3.23) 

p=0 
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where pr^ : M ^ N is the projection onto N along AI'' . Under this isomor- 
phism, the differential k A — acts only on the second components. Hence one 
can interpret the cohomology of H3.22|l as the total cohomology of the double 
complex DP^i = Ap{V') (g) r°°(A9 pr^ TA^)), which has O-differential in the p- 
direction and differential k A — in g-direction. Since pr^ TN is a trivial vec- 
tor bundle with fiber dimension n — the sectional space r°°(A'^ pr^ TA^) is 
isomorphic to C°°(M) (g) A«M"-'^. Together with Eq. this implies that 

(r°°(A9pr^TA^),K A -) is the dual Koszul complex of the algebra C°°{M) as- 
sociated to the regular sequence 

(7"^a;^+i - xi^+i,. . . ,j~^Xn - x„). (3.24) 

The cohomology of this dual Koszul complex is well-known (cf. jEil Sec. 17.2]). It 
does not vanish only for g = n — l^, where it is given as the quotient of C°°(M) by the 
(closed) ideal generated by the regular sequence (|3.24|) . i.e., by the algebra C°°(M'*'). 
Using the spectral sequence of the double complex D^''^ one then concludes that 

H''{A,A^) ^ 7?'=(r°°(ATAf),KA -) ^r°°(M'',A'=-"+'^TAr). (3.25) 

Using a standard localization argument for Hochschild cohomology (see Remark 
13.51) one now infers from this equation and Prop. IXHl the following result. 

Proposition 3.10. Let T be a finite group acting on a smooth manifold M. Then 
the Hochschild cohomology H^{A >^ F, A x: F) can he naturally identified as follows 
with spaces of invariant multivector fields: 

(A X F, A X F) = H''{A, A-xiVf = 

^0 F°-(M2,A^-'i™™"^*^=rAfj)^'^\ (3-26) 

<7>GCoiij(r) A/26Comp(A/^) 

where Conj(F) is the set of conjugacy classes o/F, Comp(M''') the set of connected 
components of M'^ , and Z{'j) C F the centralizer of ^ in F. 

Step 5. From now on we consider again the general case of a proper etale Lie 
groupoid and use all the previous results to prove the following main theorem. 

Theorem 3.11. Let G be a proper etale Lie groupoid. Then the Hochschild coho- 
mology of the convolution algebra Ayi G with values in A >i G is naturally given as 
follows: 

H''{A>iG,A>iG)^ r°j;(A'=-^(C5)rO), (3.27) 

OeSoc(G) 

where the sum is taken over the sectors of G. 

Proof. Consider the complex K.' of sheaves on the orbit space X constructed in 
Step 1., and define a second sheaf complex H* on X (with differential the zero 
map) as follows: 

1-L^(JJ):= F°^,(On AJ7o,A'=-^('^)tO), 

OeScc(G) 

where U runs through the open subsets of X and MJq := [n o (3 o s)^^ [U) . Observe 
now that both sheaf complexes IC* and H' are fine, since the sheaf of smooth 
functions on the orbifold X is fine. Moreover, note that the global section space of 
the cohomology sheaf of /C, is the cohomology we want to compute and that 'H'{X) 
is the graded vector space we claim the cohomology to coincide with. Hence, if one 
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can construct a morphism of sheaf complexes S* : AT* ^ Ti' which locally is a 
quasi-isoniorphism, the claim is proved by |Spl Chap. 6, Sec. 8, Thm. 9]. Thus it 
remains to construct S and prove that, locally, S is a quasi- isomorphism. Before 
we come to the details of the construction we need two lemmas. 

Lemma 3.12. Assume U C X to be open, let Uq :— tt^^{U) and Ui :— {Tros)^^{U) . 
Denote by G^jj-^ the restriction of the groupoid G to Ui and let C^^^ be the G\ij-^ -sheaf 
of smooth functions on Uq. Then the embedding xi G\u^ ^ A >i G induces a 
quasi- isomorphism 

IC'iU) ^ G'{Cir„ >^ G|c;,,C°°(C/i)). (3.28) 

Proof of the Lemma. Note first that C'{C^{Uo) x Giu,,C°°{Ui)) is the global 
section space of the sheaf complex K.^, which for V C U open and k gN has section 
space 

ICUV) :=Hom((C- xG|t.J^^C°°(yl)), V, := ino.s)-\V), 

and which has the Hochschild coboundary as its differential. Note also that /C^ and 
the restriction IC'jj of /C* to U are both complexes of fine sheaves, since the sheaf 
of smooth functions on X is fine. If we can now show that the natural morphism 
of sheaf complexes IC'jj — > JC^ is locally a quasi-isomorphism the claim is proved 
by [Hp', Chap. 6, Sec. 8, Thm. 9]. 

To verify this it suffices to check that IC'jj{V) — > ICIj{V) is a quasi-isomorphism 
for every relatively compact connected open subset V C U. To this end choose a 
complete metric dx on X and a complete metric d on Go (for which is smooth) 
such that d{x,y) > dx{T^{x),TT{y)) for all x,y E Gq. By the assumptions on V, 
there exists an £ > such that 

d{t{g),t{K))>dx{T^{t{g),T:{t{h))>e for all .g e and e Gi \ J/i. (3.29) 

Moreover, since the preconditions of Step. 2 are satisfied, we have the localization 
functions '^k,e at our disposal. With their help define now for every G N* chain 
maps : JCfj^ [V) K.-^ [V) between the cut-off chain complexes as follows: 

e^(i^)(ai ® . . . ® Ofe) (.go) F(*fe^e/jv(5(7\ -,...,-)• (ai ® ... ® Ofe)) (.go), 

where k < N, F e ICij{V), oi, . . . , Ofe e G and go ^Vi. By H3.29|l one concludes 
that 

*fe,e/A^(5e)'^5'l7 ■■■,9k)- ai(5i) • ■ • ■ • ak{gk) = 0, 

if go G Vi and gi,...,gk G Gi with some gi G G\Ui, hence Qy{F) is well- 
defined indeed for k < N. Prop. now entails that IC*jj{V) — > IC^{V) is a quasi- 
isomorphism in degrees k < N. Since N was arbitrary, it is a quasi-isomorphism 
in all degrees, and the claim follows. □ 

Since G is a proper etale Lie groupoid, there exists for every point i G Go an 
open contractible neighborhood Mx C Go, a smooth action of the isotropy Gj on 
Mj C Go and a monomorphism of groupoids 

'■ Gx ^ ^dx ^ G 

which induces a Morita equivalence of groupoids from G^ k Afj to the restricted 
groupoid G|[/- ^, where Ux :— 7r(Mj) and U^^i = (tt o s)^^(C/£). 
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Lemma 3.13. The Morita equivalence a gives rise to a quasi- isomorphism 

i* : ICl^iUi) ^ C'{CT{A'h) >^ G£,C°°(Afs) x Gj) (3.30) 
which associates to every F G K.^^ {Ui:) the cochain 

i*{F) : (C^iMs) X Gs)®'' C°°(A/s) x Gj, 

ai (g) . . . (g) afc i^(t*ai ... t*afc)|Mi;, 

where we have put for a G C^{Mx) x G^ and 5 e t/ja 



t,(a)(g) = 



0, e/se. 



Proof of the Lemma. For the proof of the claim we use the language of Hilsum- 
Skandalis maps (i.e biprincipal bundles) and their associated Morita bimodules as 
explained in |Mr| . As shown in |MrI Sec. 1], the Morita equivalence t : Gj ix A/j ^ 
Gu~ induces a principal Gx-G\ij^ ^-bibundle (t) as follows: 

(^) = {{g.P) e Gi X KU I s(g) =p} = {g e Gi I s{g) G M^}, 

Gi xgo (t) (t), {g\g)^g'9: 

(t) xa/^ (Gj k Mi) ^ (t), (g,7,p) ^"> g ■ 1(7, p)- 



Then, by |MrI Sec. 2], the locally convex topological vector space C^{{l)) carries the 
structure of a {C'^{Uxfi) x G|[/^ J-(C^(Afj) x G£)-bimodule and forms a Morita 
equivalence between these two algebras. Now, the chain map t* is induced by 
this Morita equivalence, as one checks by an immediate but somewhat tedious 
computation (see |Lol Sec. 1.2]). Hence, t* is a quasi- isomorphism. □ 

Now we come back to the construction of the morphism of sheaf complexes S. 
Let U d X he open, and choose for every a; G f7 an open neighborhood Ux C U, a 
point X G Tr^^{x) together with an open neighborhood C Gq, an action of the 
isotropy group Gj on Mx and, finally, a Morita equivalence of Lie groupoids 

■ Gx X Afj — s- G|[/^^. 

Then one has for every one of the Ux a sequence of natural chain maps: 

1C'{U) IC'iUx) ^ KSUx) ^ C'{C^{Mi X Gi),G°°(Afi) x Gx) 
^ C'{C^{Mx),C^{Mx) X Gx) r°°(A'TAfi) 

^0 r°°(A-d™G+d™*^x^.c.TAf?„) 

^0 r°°(A-<^™^+'^™^?.=rM2^„)^(^) ^7i'(c/,), 

<7>6ConjGi Af7^eComp(Af7) 

(3.31) 

where the arrow in the last line is the projection onto the invariant part obtained 
by averaging over Gi. By naturality of all constructions involved one checks that 
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for all x,y U the following diagram commutes: 

ic'iu) n'iUy) 



H'{u,) >- H'{U,nUy). 

Hence, by the sheaf property of H' one can glue together these maps to a chain 
map : 1C'{U) 7i'{U). By construction, the S(C/) commute with restriction 

maps, hence one obtains a morphism of sheaf complexes S : /C* ^ H' . By the 
above lemmas and Steps 3. and 4. it is clear that for every x d U the chain map 
S(J7j;) : K.*{Ux) 'H'{Ux) has to be a quasi-isomorphism. This finishes the last 
part of the proof and thus entails the claim. □ 

4. NONCOMMUTATIVE POISSON HOMOLOGY 

This section is divided into two parts. In the first part, we introduce a Poisson 
homology for a noncommutative Poisson algebra. In the second part, we calculate 
this homology for the Poisson algebra constructed from a Poisson structure on a 
proper etale Lie groupoid (recall Sec. 12.71 for definitions). 

4.1. Poisson homology. In |Br| . Brylinski defined Poisson homology on a Poisson 
manifold (Af, 11) as the homology of the complex bu ■ ^*{P) ^*~^{P), where 

fe 

&n(/o d/i A d/2 A • ■ • A dfk) = ^(-i)^-id{/o, fj}dfi ^...^df^^■■■^dh^ 

i=i 

+ /j} A d/i ■ • • A df, A ■ • • A df^. • • • A d/fc. 

(4.1) 

In the following, we define a noncommutative analog of this Poisson homology. 
Like in the manifold case, we start from a Poisson structure [11] e HH^{A,A) of 
the algebra A and let it act on HH,{A), the noncommutative analog of differential 
forms. Before we introduce the precise definition, we first recall a well-known action 
of the Hochschild cochains on Hochschild chains. 

Definition 4.1. For an element (p E C''{A,A), define d^p : Cn{A) Cn-k+i{A) 
by (ii^(ao ai (g) • • • ® a„) := 

n-k+l 

^ . . . (g, ip[ai (g) • • • (g) Qi+k-i) «> • • ■ g) a„ + 

k 

+ ^(-l)'""''+'^^''"*+^V(an-fc+z (g • • ■ (g a„ g) ao ® • • • (g ai-2) (g • • • (g a^-k+z-i- 

i=2 

Theorem 4.2. For (j) G C''{A,A), ip G C''{A,A), we have 
d^ o d.^ - (-l)(''^"i)('"i)d^ od^ = 
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Proof. Wc prove this property on ao ai ® ■ • ■ (8) On- 
(1) o d^{ao $5 ai (g) • • • (g) a„) = 
= Er=o'^H-l)'*'"^''^-*{ao «) • • • ® ip{ai (8) Ui+i (g) • • • O Ui+i-i) (g) • • • ) + 

{'4>{an-i+i ® • • • ® a„ ® ao ® ■ ■ ■ (g) ai-2) (S> ai_i (g) • • • ig) a„_i+i_i) 

(ao ® • • • ® <p{aj (g) • • • (g) Oj+fe-i) (g • • • (g ■(/'(oi (g • • • (g) Oi+i-i) ig) • • • ) + 
(ao ® ■ • • (g Oj-i ® 0(aj g) ■ ■ ■ (g) ■)/'(«< (gi • • • (gi Oi+i_i) (g> • • • Ig) ai+k+1-2) (g • • • ) 
(oo Ig ■ • • (g) <g • • • <g flj+f-i) Ig • • • (g 0(ai Ig • • • Ig Oi+fe-i) Ig • • • ) j + 
(^[(f>{ip{a„-i+i Ig ••• Ig an Ig fflo ig> ••• Ig) aj-2) (g Oi_i ig> • • • ig) aj+fc-2) (g Oi+fc-i 
(^(a„_;+i (g) ■ ■ ■ Ig a„ Ig oo Ig • • • Ig ai-2) ig) tti-i Ig • • • Ig (/>(aj ig • • • ig aj+fe-i) 1 

Z^j=n-l + i-k+iy I 

{(t>{aj Ig) • • • Ig) ip{an-i+i Ig) • • • Ig Oi-2) Ig • • • Ig) Oj+fc+(_„_3) Ig • • • )^ . 
(2) d^ o rf^(ao ai • • • Ig) a„) = 

(ao Ig ■ • • Ig igi • ■ ■ Ig Ui+i-i) Ig • • • Ig) (^(oj Ig • • • Ig) aj+fc-i) Ig) ■ ■ ■ ) + 

+ EU-z+i(-1)*''-^^ 

(ao ® ■ ■ ■ Ig Ui-i Ig V(ai Ig • • • Ig) 0(oj Ig • • • Ig) Oj+fc_i) ig) • • • ig) Oj+i+fc_2) ig) • • • _ 

_i_ V" c_i\(i-i+i)(fe-i) 



I + 



+ 



(ao Ig ■ • • Ig) ';/»(ai ig ■ • • igi ai+fc_i) ig) • ■ • ig V(aj ig • • • ig) aj+i_i) ig) • ■ ■ ) j 

(^[ip{4>{an-k+j Ig • • ■ Ig a„ Ig) Oo Ig • • • Ig Oj-2) Ig) Oj-i Ig • • • Ig aj+i-2) ig Oj+f-i <S> • • 
(0(a„_fc+j g) • • • Ig a„ ig ao Ig • • • Ig) 0^-2) ig Oj-i ig • • • ig) ^/'(ai ig • • • ig ai+j-i) ig • • • 

I ■spn-fc+i-l ('_1'l(n-'s+3-i)(i-3+l) 
A-,i=n-k+3-l + l\ '-> 

{ip{ai Ig • • • Ig) <f}{a„-k+j Ig) • • • Ig aj-2) Ig • • • Ig) tti+i+fc-n-s) Ig • • • )^ . 

(3) rf^od^-(-l)('=-i)('-i)d^od^. 
Note that there are two types of terms: 

(a) {■■■®(t>{---)®---®ilj{---)(d---) or 

(b) (•••ig)0(---V'(---))«)---) or (■••®V(---'?!>(---))«'---)- 

For type (a), they appear in both d^ o d^ and o d^, and differ by the sign 
(—l^Cs-i)^-!), Tiierefore, they get cancelled in the sum. For type (b), terms like 

(•••«> <^(- •• V'O ••)•••) ® ••• ) 

appear in d^od^, while terms like 

(••• ••</>(•••)•••) ® ••• ) 
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appear in d^p o d^. They come out in pairs. It is straightforward to check that their 
signs match with those of Therefore, we conclude that 



Remark 4.3. Definition l4.1l is a special case of a general theory of Nest and Tsygan 
|NeTs99] of operations on Hochschild and cyclic complexes. Moreover, Theorem l4.2l 
shows that by Definition l4.1l one obtains an Loo-module structure for the differential 
graded Lie algebra {C'{A, A),l3,[ , ]) and also a Lie module structure on HH,{A) 
for the super Lie algebra {H' {A, A), [ , ]). 

On an associative algebra A, there is a natural 2-cocycle m associated to the 
multiplication defined by TO(ai ® 02) = aia2- It is easy to check that dm is the 
Hochschild differential on C, (A), so we will simply write h instead of dm- 

By taking (j) = m, ip = 11, where 11 G Z'^{A, A) is a representative of the Poisson 
structure tt. Theorem 14 . 21 now gives 



Therefore, dn descends to homology and gives rise to a map HH,{A) HH,^i{A). 
By taking (j) = ijj = H and using that [H, 11] = (3{Q) for some Hochschild 1-cochain 
6, we get 

2dn o dn = d[n,n] = 0^/3(6) ^ b o de + ds o b. 
This proves that = in HH,{A). Finally, we obtain for (p ~ m, ip = (3{ri) 



which shows that two representatives of the Poisson structure define the same ho- 
mology in HH,{A). In other words this means that noncommutative Poisson ho- 
mology defined below depends only on the Poisson structure [H] G H'^{A^A) and 
not on the particular choice of a representative H G Z'^{A,A). 

Definition 4.4. For a noncommutative Poisson structure [H] on an associative 
algebra A, its Poisson homology is defined as the homology of the differential com- 
plex dn : HH,{A) HH,^i{A), where H is a cocycle representing the Poisson 
structure. 

In the case of a Poisson manifold M, our definition of the Poisson homology on 
the Hochschild homology of C^{M) is compatible with the one defined on differ- 
ential forms by Brylinski. 

Proposition 4.5. Let M be a Poisson manifold with Poisson bivector H, and 
Ac — C^(Af) the algebra of compactly supported smooth functions together with 
the noncommutative Poisson structure induced by H. Then the following diagram 
commutes: 



□ 



6 o dn -f dn o 6 = d[„^n] = rf/3(n) = 0. 



bo d,^ ~ driOb = d[m,ri] = df3(ri) — d^p , 



HHk{Ac) 



2(k-l)\bu 



HHk-Mc) 
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where bu is Brylinski's Poisson differential, tk is the antisymmetrization map de- 
fined as follows 

efe(/orf/i A ■ • • A d/fc) := ^ sgn(cr) /o (g) fa-^i) » /a-i(2) ® ■ ■ ■ » fa-^k), 

and TTk-i is the projection defined by 

7i"fc-i(/o «) /i ® • • • ® fk-i) ■■= fodfi A • • • A dfk-i. 

Since ek resp. iTk gives rise to an isomorphism between HHk{Ac) and il'^{M), these 
maps also induce an isomorphism between the Poisson homologies by the above 
diagram. 

Proof. See Theorem 3.1.1 in |BRj and also |BrGe| . □ 

Morita equivalence is an important notion in the study ol algebras by methods 
of noncommutative geometry. In the rest of this section, we wiU briefly look at 
Morita invariance of Poisson homology. With respect to Poisson geometry, there 
exists quite some work on the invariance of Poisson (co)homology under (weak) 
Morita equivalences between Poisson manifolds (cf. jXup . In this paper we will now 
consider algebraic versions of Morita invariance within noncommutative Poisson 
homology. 

It is well-known that Morita equivalent algebras have isomorphic Hochschild 
(co)homologics (see jTo] 1.2.4, 1.2.7 and 1.5.6). 

Proposition 4.6. A Morita equivalence bimodule between algebras with local units 
A and B defines an isomorphism between the sets of Poisson structures. 

Proof. The Hochschild cohomology H'^{A,A) is isomorphic to Ext\e{A, A). In 
|Ke| . Keller shows that for derived equivalent algebras (which is more general than 
Morita equivalence), the canonical isomorphism defined by tcnsoring an extension 
by the equivalent bimodule preserves the corresponding G-brackets. This result im- 
plies that a Morita equivalence bimodule between A and B defines an isomorphism 
between H*{A,A) and H*{B,B) as Lie algebras, which induces an isomorphism 
on the sets of corresponding Maurer-Cartan elements. We know that in H*{A, A) 
and H*{B, B) Maurer-Cartan elements are Poisson structures. Therefore, we have 
isomorphic sets of Poisson structures. □ 

Proposition 4.7. Under the isomorphism between the Hochschild cohomologies of 
Prop. \4-6] the corresponding noncommutative Poisson structures have isomorphic 
Poisson homologies. 

Proof. Consider the following diagram 

HH,{A) HH,^^{A) 



HH,{B) HH,^i{B) 

where cr, is an isomorphism constructed by a Morita equivalence. The claim of the 
proposition says that the above diagram commutes. The proof of this goes along 
the same lines as the proof of |Lo| ('1.2.71. Instead of working out the general case, 
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we will only look at the special case where B — A/„(A), the n x n matrix algebra 
of A. 

For A and M„{A), following (1.2.4) of Loday [To], we define crfe : HHk{A) 
HHk{Mn{A)) as follows (where E^^ denotes the matrix with a at the (1,1) position 
and elsewhere) 

cTfe (ao ® ai ® • • • Ofe) := ® E^ O • ■ • ® El'l , 
and a generalized trace map tr : HHk{Mn{A)) HHk(A) by 

tr(ao ® ai • • • (g) afc) := (oo)ioii ® {<^i)iii2 {<^k)ikio- 

It is shown in (1.2.4) of |Lo) that both tr and cr, induce isomorphisms in 
Hochschild homology, and that their dual versions give rise to isomorphisms in 
cohomology. Under the corresponding isomorphisms in Hochschild cohomology, a 
Poisson structure 11 on A is transformed to IT, a Poisson structure on Mn{A), by 
the following formula 

II(a,b)- (^n(a.i,by)) . 

I 

One can easily show that II is a Poisson structure on Mn{A) indeed. 

Since a and tr are inverse to each other, the claim is proved, if one can show 
that du = tvodfi o cr. But this formula is obvious from the definition of II. □ 

Remark 4.8. To prove Morita invariance for noncommutativc Poisson structures 
in general, one has to construct chain homotopies which entail the above diagram 
to be commutative. The corresponding constructions are similar to those of (1.2.7) 
in |Loj . 

4.2. Poisson homology of the noncommutative Poisson algebra. Assume to 
be given a proper etale Lie groupoid G together with an invariant Poisson bivector. 
For A the G-sheaf of smooth functions we compute in this part the Poisson homol- 
ogy of the induced Poisson structure on the convolution algebra A xi G defined in 
the Preliminaries by Eq. (|2.14(l . We start by introducing the following notion. 

Definition 4.9. Let {X,, b, d) be a triple consisting of a graded vector space X, — 
^k&i-^k and two homogeneous maps b : X, —>■ Xt±i, d : X, ^•±i, both either 
of degree +1 or —1. Then {X,,b,d) is called an almost bicomplex, if the following 
relations hold true for some h : X, X,^i (resp. some h : X, X,+i): 

b^ = 0, db + bd = 0, d^ = bh + hb. 

An almost bicomplex (X,,6, d) gives rise to two complexes H^{X) and H^{X), 
where H^iX) is defined by (X.,6), while H^iX) is defined by {H^,d). 

Example 4.10. If A is an algebra with a Poisson structure induced by a Hochschild 
cocycle H, and du is the differential of Poisson homology as defined above, then 
the triple {C,{A),b, du) is an almost bicomplex. 

In the following computations, we will frequently use the next result. 

Lemma 4.11. Assume to be given two almost bicomplexes {XI, 6*, d*), i = 1, 2 and 
a quasiisomorphism ^> between (Xl,b^) and (X^,6^). //^' commutes with d'^ on the 
homologies H,{Xl,V), i.e. if^d^ = d'^'^ , then \1/ induces an isomorphism between 
{Hf{X^),d^) and {Hf{X^),d^). 
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Proof. The proof of this lemma is obvious, since ^' is an isomorphism between the 
homologies and commutes with the differentials (f. □ 

Remark 4.12. Of course we can allow for more general morphisms between bi- 
complexes to induce isomorphisms on Poisson homology. In particular, the quasi- 
isomorphism ^' in the lemma is allowed to "commute up to homotopy", i.e., = 
"iitP +b^H + Hb'^, for some H : Xl X^. The main difficulty of the computation 
below is to show that the "reduction to loops" morphism p. 11(1 which computes 
the Hochschild homology of the convolution algebra is a morphism of this kind: 
since the morphism does not preserve the Poisson differential, a homotopy as above 
is required. 

With the above preparations, we are now ready to determine the Poisson homol- 
ogy on the convolution algebra of the proper etale groupoid G. Our strategy is to 
track the change of the Poisson differential in the various steps of the computation. 

Recall that HH,{A x G) is calculated by the Bar complex ((.A x: G')i,6) the 
components of which are isomor phic to the vector spaces Tc{G''+'^;sl^^A^'^''+^^). 

Under these isomorphisms, the Poisson differential on {A x G), has the following 
form: 

fc 

dn ■^'^{-^ydn, where 

i=0 

n, I (ao ® • • • n(ai, Oi+i) (g) • • • (g) Ofe), if < I < fc - 1, 

"nl'^Oj • ■ ■ J flfc j '■— \ 

|^(n(afe, ao) ® ai g) • • • g) afc_i), if i = fc. 

We now proceed in three major steps. 

Step I. Reduction to loops. Recall from the Preliminaries fSec. 12.61 Step I.) the 
method of reduction to loops for the computation of Hochschild and cyclic homology 
of an etale groupoid. This method shows that the cyclic vector space [Ayi G)^ is 
quasi-isomorphic to V^f^^A via the natural restriction p : (A x G)\ FcA^ A. Now, 
one observes that p naturally induces a Poisson differential dj^ on FcAIA by putting 

4(p(a)) p{du{a)) for all a G (y4 x G)\. 

Note that c?^ is well-defined indeed, since p{a) and p(c?n(a)) are, respectively, the 
germs of a and c?n(a) on i?*^*^). Using Lemma 14.111 we now conclude that the 
homology of d^ on HHtiXc^*^) is equal to the homology of dn on HHt{A x G). 

Step II. Homology of the cyclic groupoid. Recall from the proof of Prop. 12.101 
in the Preliminaries that the oo-cyclic vector spaces FcAi^ and r,(AG', 6*, .4^^) 
are isomorphic, with isomorphism over the stalk at (gg, ■ • • ,5fc) G B^^^ given by 
Eq. (|2.13|) . By this isomorphism, the Poisson differential d^ gives rise to a noncom- 
mutative Poisson differential d^ on [A^^ bt^), by which we can define a Poisson 
homology. The explicit formulas are (with {go,gi, • • • ,5fc) G AG^) 

' [{ao, ai}gi (g aaffi ® • • • (g akgi]^g-^g„g^,g^,... ,g^), for i = 0, 

= < [ao g) • • • (g {ai,ai+i} g) • ■ • g) ak]igo.,gi.,--- .^g,gi+i.,-- ,3^), for 1 < z < fc - 1, 

J{afc,ao} (g ai g) • ■ • (g ak-i]{ga,gi,-. for i = fc, 
where { , } is the Poisson bracket on Go. 
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Since the above isomorphism is a local difFeomorphism which maps Poisson struc- 
tures naturally, we conclude by Lemma 14.111 that (r,(AG, 6*, 5tw, dn") calcu- 
lates the Poisson homology of ^ x G. We define the Poisson homology i/^(AG)tw 
as the homology of dj7 on HH,{AG, 9, A^^J = H, (r.(AG, 9, ^J^), h^) . 

From the above considerations one can now immediately derive the following 
localization property similarly to the corresponding one for Hochschild homology 
(cf. iRRNTlinRl V 

Theorem 4.13. Let B'-^^ ~ UoeScc(G) ^ decomposition of B'^^^ into sectors. 

Then 

H^iA X G) = Hl^iA X G)o. 

OeSoc(G) 

Step III. Inertia groupoid. Since the groupoid is proper, one knows that the 
Poisson structure on Go defines a natural invariant Poisson structure on B^^\ 
which gives rise to an invariant Poisson bivector Hat on NGq (see |'l'A04aj for 
a detailed proof in the general case and Lemma 15.41 in the following section for 
groupoids with a symplectic structure). Now, over an invariant open-closed sub- 
set O of NGo, we consider Cq, the sheaf of smooth functions, together with the 
Hochschild differential bo and the Poisson differential defined by the Poisson 
structure Hn. It is straightforward to check that ((Cg^)^, bo, du^) forms an almost 
bicomplex. We define the Poisson homology H^{NG\o) to be the homology of 
dnp, on HH,{NG, {C^)'^)- By Proposition El and Lemma ICTl we conclude that 
((Cg')i, 60, dnw) is quasi-isomorphic (as an almost bicomplex) to the bicomplex 
(r^Q, 0, 6njv)) hence Hl^{NG\o) is given by the homology of bn^ on H,{NG,Qq), 
which we will denote by H^{NG)o- 

Theorem 4.14. For an invariant open-closed subset O C -B^"-*, one has 

H^{A X G)o = H^{NG\o) - H^{NG)o. 

Proof. The second equality in the claim has been shown above, so it remains 
to prove the first one. To this end recall first the twisted Hochschild-Kostant- 
Rosenberg Theorem ICrI Lem. 3.1.5] which entails that the natural restriction of 
the germ of a smooth function to O induces a quasi-isomorphism p : {A^Q,btw) — > 
((Cq')^,5). Below, we will show that via p one can pushforward df[ to a Poisson 
differential d^^^ on HH,{NG, (Cg^)''), which then calculates the Poisson homology 
of the convolution algebra Ay<G. Moreover, we will show that d'^j^ is equal to 
on HH,{NG, (Cg^)'')). This will prove the claim. Note that the problem one has 
to cover here is the fact that due to the existence of normal directions, p does not 
induce a Poisson map from (^(0),n) to (Cg'(O), Bat). 

Let us now construct d'jj^ in detail. For all a e r,{NG, (Cg" )'') with b{a) = 

one can find an a; G r,(AG, ^^) with p{x) — a and btvi{x)^o = 0. We define d\j 
on a by 

rfn«(«) :=p(rfn(2;))- 
The following is a list of properties of djj . 

(i) Since btw{x)\o — 0, we have that djf (6tw(a;)) vanishes on O as well, hence 
one has p{df[ {btv,{x))) ~ 0. This implies the following equality: 

bid'nja)) = 6(p«(x))) = p(6,^«(x))) = -p«(6tw(x))) = 0, 
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where in the second equahty we have used that p commutes with b, and in the third 
one we have used that anti-commutes with 6tw- 

(ii) Since p is an isomorphism on the Hochschild homology, we can choose for 
any [a] G HH,{NG, {C^Y) a representative a e r,{NG, (Cg')'') such that there is 
X G r,(AG, satisfying p{x) = a and 6tw(a;) = 0. Thus, we obtain 

6tw(C(^)) - -d'^ibM) - 0. 

Hence, by construction, 

d'n. o d'uja) = = p{btAHx)) + /i(6tw(.x))) = b{p{h{x))), 

where h is the homotopy associated to (dj^)^. This shows that ° d'n = in 
HH,iNG,{C^Y). 

(iii) To prove that d^j^ is well defined, we need to show that our definition is 
independent of the choices of a and x. We will use the following lemmas: 

Lemma 4.15. Let y G r,{AG, A)^) with p{y) = and btw{y) = 0. Then there 
exists z G r,(AG', ,4^) such that y — btw{z). 

Proof of the Lemma. Since p is a quasi-isomorphism and p(y) = 0, y has to 
be a boundary in T,{AG, A^q). Therefore, there is a z G r,{AG, A^q) such that 
y^bty^iz). □ 

By the lemma one now concludes that for any x,y E r,(AG, ,4^) with p{x) = 
p{y) = a and btvi{x) = btw{y) = there exists z in r,(AG', A^q) , such that x — y = 
btvj{z). Therefore, 

Pid'^ix)) = + - y)) 

= p«(y))+p«(6twW)) 
= p«(y))+p(C(&tw(^))) 

^p«(2/))-6(p(dn(z))). 

Hence, the homology class of d'jj^ (a) is independent of the lift of a. To show that 
it is also independent of the representative a in the homology class [a], we prove 
the following proposition. 

Lemma 4.16. is equal to the Poisson differential (in„ on HH,{NG, (Cg^)''). 

Proof of the Lemma. For any a G T,{NG, (Cg^)'') with b{a) = we construct a 
particular lift x in r,(AG, (^q)), such that btvj{x)\o = 0. To achieve this, recall 
that O is embedded in 0*^*^+^' with normal bundle being the set of all nontrivial 
representations of G on {TG^'''^^^)\a- By the tubular neighborhood theorem, one 
can find a function x G C^(G'''^''"^-') which is equal to the pull back of a in a tubular 
neighborhood of O. Hence, b{x) = in the tubular neighborhood, and d^{x)\o is 
equal to duj^{a). Therefore, we have d'Yi^{a) — d^{x)\Q = du^ia). □ 

By Lemma f4 . 1 61 and the fact that dn^ is well-defined on HH,{NG, (C^)''), we 
obtain that ^.cts on HH,{NG, {Cq)^) independent of the choice of representa- 
tives a. In other words, d'jj^ is well-defined on HHt{NG, (Cg')'') and equal to dn^- 
Altogether, this finishes the proof. □ 
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Remark 4.17. Lemma [4.111 now entails that we can use (T,{NG, (C^')''), 6, dnjv) 
to calculate the Poisson homology of the localized convolution algebra A x Go ■ 

5. HOCHSCHILD AND CYCLIC HOMOLOGY OF THE QUANTIZED ALGEBRA 

In this section we present the computation of Hochschild and cyclic homology of 
a formal deformation quantization of the convolution algebra on a proper etale Lie 
groupoid G representing a symplectic orbifold X. By w we denote the symplectic 
form on Gq, and by A, as before, the G-sheaf of smooth functions on Gq. The 
deformation quantization is constructed as explained in Section We choose a 
G-invariant star product * on the sheaf ^[[ft]] of formal power series. Notice that 
we can assume without loss of generality that this deformation is a Fedosov star 
product associated to an invariant symplectic connection. This gives rise to the G- 
sheaf A^ = (^[[fi]],*) and to the deformed global crossed product algebra A'^ xi G 
as in Eq. H2.6|) . 

5.1. Periodic cyclic homology. The computation of the periodic cyclic homol- 
ogy groups of A^ X G follows at once from the "classical" computations of the 
periodic cyclic homology of etale groupoids in |BrNiI ICr| by the following rigidity 
property jUll, |NeTs95 '. Thm. A2.2]: For any formal deformation quantization 

:= of an algebra A, one has an isomorphism 

HP,{A^) = HP,{A)^C[[h]]. 

Therefore, one easily finds 

Proposition 5.1. The periodic cyclic homology groups of A^ xi G are given by: 

k 

A similar rigidity property of (algebraic) if-theory was proved in |Ro| . Recall 
that the Chcrn-Connes character maps Kl^^{A x G) to HP,{A x G). The two 
rigidity isomorphisms arc compatible with this character map. 

5.2. Computation of Hochschild homology. The computation of Hochschild 
and cyclic homology is more involved. The main tools in the computation are: 

1) The "quantum to classical" spectral sequence induced by the /i-adic filtration 
introduced in [BRGEj . 

2) The "classical" computation of cyclic homology of etale groupoids of [BrNiI 
ICr| using the language of sheaves. The computation exactly follows the steps of 
these computations: we first "localize" to a sheaf cohomology computation on the 
inertia groupoid, and then use the ft-filtration to reduce the outcome to orbifold 
cohomology. 

In the following, we will occasionally work over the field C((fi-)), so let us put 
ji^ih)) j^h (C[h-^]_ Then one has ^(('^^ e Sh(G) as well. For the following, 
notice that when G has an invariant symplectic form lo, the pull-back (3*ljj defines 
an invariant symplectic structure on AG, which descends to A^G, cf. also Prop. lBT^ 
below. 

Theorem 5.2. Let G he a proper etale Lie groupoid representing a symplectic orb- 
ifold X of dimension 2n. Then the Hochschild homology of the deformed convolution 
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algebra ^'^'^''^^ xi C? is given by 

Proof. Consider the spectral sequence induced by the ?i-adic filtration on the Hoch- 
schild complex of a formal deformation A'^ ~ {A[[h]],-k) of a noncommutative Pois- 
son algebra {A, [11]) in the sense of Definition 12. 131 Clearly, in degree zero one finds 
the classical Hochschild complex of A and a straightforward computation shows 
that the differential : ^ — > Ep_i ^ is given by the noncommutative Poisson 
differential du : HHp+q{A) HHp+q^i{A) of Definition 14.41 In our case, with 
A^ = X'-aG,A = C^{G), one finds 

El^q=HHp+qiA)=ilP+\{NG). 

The last isomorphism follows from the computations of (Cr| . For general etale 
groupoids this also includes higher cohomology groups iJ^(iVG, 51'), but these all 
vanish here by the following argument. Using the projection tt : G — > X onto the 
orbifold, one identifies Triil* as the sheaf on X of invariant forms, which is fine, see 
|Pf01| . and vanishing of cohomology follows from (|2.2|) . 

As explained in Sec. 01 the differential d^ is nothing but Brylinski's Poisson 
differential (|4.1|) on the invariant differential forms on the groupoid A^G, which is 
well-defined because the induced symplectic form is invariant. Of course, this is the 
image of the sheaf version of Brylinski's complex dn) in Sh(iVG), under the 

functor Finv.c- Using the fact that A^G is symplectic, there is a quasi-isomorphism 
between this sheaf complex and the de Rham complex, as in jBRj : 

(r^Q, dn) — (f^o""'^ *,ddH,h)- 

Here, we restrict to a connected component of the inertia groupoid because the 
components may have different dimensions, affecting the degree shift in the isomor- 
phism. By the fact that fi* is Finv.c-acyclic, on therefore finds 

Eiq^Hxr'ixMim- 

As in the case of smooth manifolds, we claim that the spectral sequence degenerates 
at this stage. When A^G has a finite number of components, the argument is the 
same as that of |NeTs95] : If the spectral sequence does not degenerate at this 
stage, one has 

dimc((ro) HH^iA" x G) < b^^iX), 
where b^^^^ d-^) = dim_ff*j.^ ^(A). But this would imply that 

dimc((ro) HP,{A^ X G) < ^ ^blc (^), 

k 

contradicting Prop. 15.11 The last inequality hereby follows from the spectral se- 
quence from Hochschild homology to cyclic homology obtained by filtering the 
(&, i?)-complex by columns. When X however does have infinite many connected 
components, one uses the decomposition of Hochschild homology induced by the 
G-invariant decomposition (|2.3|) of A^G: 

HH.iA" X G) = ^HH,{A'' x G)o- 
o 

This decomposition can be deduced from the similar decomposition in Poisson ho- 
mology, cf. Theorem 14. 131 by the spectral sequence above. The star product is 
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given in terms of local multidifferential operators on Go , and therefore the decom- 
position is preserved by the higher differentials. By Proposition 15.11 the periodic 
cyclic homology has a similar decomposition, and it is not too difficult to see that 
both are compatible. Since G is proper, each O has a finite number of connected 
components, and the above dimension argument, applied to each component sep- 
arately, proves that the spectral sequence degenerates at the second stage. The 
theorem follows. □ 

Remark 5.3. We expect a similar result to hold for Poisson structures, provided 
one can prove the corresponding analogue of Prop. 15.41 below. In that case, it 
follows by formality ' 00041 ISHj that the Hochschild homology is given by the 
Poisson homology of the groupoid NG. 

5.3. Cyclic homology. Next, we proceed to compute the cyclic homology, anal- 
ogously to the computations of |BrNi| and |Cr| . We begin with a detailed anal- 
ysis of some natural sheaves on the space of loops B^^\ Consider the morphism 
(3^^ : Sh(G) Sh(AG). Applied to the quantum sheaf of algebras on G, we 
get a 0-cyclic sheaf (3^-^ (^{A'^)'^) on AG. Again, its stalk at g e B^"^ is given by 

(^g)e ' cf- EH 3.4.1.] and Sec. ESI 

Proposition 5.4. The inertia groupoid AG carries a natural symplectic structure 
<^(o) •= which descends to NG. If A(^o) denotes the sheaf of smooth functions 
on B^^"^ , then there is a Poisson morphism of sheaves on AG 

cj)o ■■ Ao) ^ (5.1) 

where A(o) carries the Poisson structure induced by ^^(o); o,i^d, f3^^A inherits the 
Poisson structure from cu. Moreover, the sheaf (3^^ {A^) G Sh(AG) is isomorphic 
to a formal deformation quantization with coefficients of the symplectic structure 
f3*uj. 

Proof. The first and last claim are essentially local statements and therefore we can 
restrict to the case of a translation groupoid G = F k A/ by the action of a finite 
group. In this case one has a decomposition 

As shown in |FeOOI Sec. 5], the pull back of the symplectic form along the embed- 
ding ^ M for all 7 G r gives B*^"^ a symplectic structure and (3~^A^ is a formal 
deformation quantization of (AG,W(o)) with coefficients in the normal bundle with 
respect to this embedding. 

For the construction of 0o choose a G- invariant Riemannian metric on Gq. Let 
g G and consider a germ [f]g G (^(o))g. Let Ug C S'-*'-' be an open neighbor- 
hood of g on which / is defined and put Mg := s(Ug). Then Mg is a submanifold 
of Go and there is a projection ng : Tg Mg from a tubular neighborhood Tg to 
Mg along geodesies of the chosen G-invariant Riemannian metric. We now define 
4>o{[f]g) as the germ [/ o s^^ o TTg]g. Since the normal bundle to Alg (with respect 
to the above Riemannian metric) is a symplectic bundle by the symplectic slice 
theorem, it is clear, that the thus defined sheaf morphism is Poisson. □ 

Remark 5.5. The morphism 0o is a right inverse to the restriction map / i— > flsm 
used by Brylinski-Nistor, which is a quasi-isomorphism on Hochschild homology. 
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cf. [BrNiI Lemma 5.2.], but is not Poisson. As a right inverse, 0o : (-^fci^) ^ 
{l3~^Jil,htvi) is a quasi-isomorphism on the sheafified twisted Hochschild complexes 
as well. 

Next, we want to lift this Poisson morphism to a "quantum morphism" cj) : 
"^(0) ~^ P~^A^, where A^^-^ is some suitable deformation quantization of cjj-o)). 

Consider now the characteristic class [★] G ^ + iJ^(Go, C[[?i]]) of the star product 

on and let c G + H^{B(°\<C[[h]]) be the puUback class /?*[*]. Since ★ is 
G-invariant, there exists a G- invariant Fedosov star product *(g) on ^(q) with char- 
acteristic class given by [*(o)] — c. Denote the resulting deformed sheaf of algebras 
by A^^y By construction of :*r(o) and Thm. 5.4 in |Boj . one now concludes that the 
Poisson morphism (f>Q : A^q) — > (3^^ A from Prop. indeed can be extended to a 
morphism of sheaves of algebras 

oo 
fc=0 

where each (j)k is a linear morphism of sheaves from A^o) to P~^A. We now have: 
Proposition 5.6. The morphism (f) : A'^q-j fi^'^A'^ induces a quasi-isomorphism 

of 9 -cyclic sheaves on AG, where the left hand side carries the trivial cyclic struc- 
ture. 

Proof. Let us start with the Hochschild complex. Clearly, the map (/) induces a 
map on the (twisted) Hochschild homology. Consider now the spectral sequence 
induced by the ?i-adic filtration. Since the morphism (j) induces an isomorphism at 
level E^, see Remark l5.5l it must induce an isomorphism on the level of Hochschild 
homology of the quantum sheaves by the spectral sequence comparison theorem, 
cf. |WeI Thm. 5.2.12]. As for cyclic homology, since the morphism of mixed 
complexes induced by is a quasi-isomorphism on Hochschild homology, it must 
induce an isomorphism on cyclic homology as well (cf. Prop. 2.5.15 in |Lop . □ 

Next, we consider the "reduction to loops" map 

p : (^^ X G)l ^ r,iB^''\a^l,iA^ f^''+'^), (5.2) 

restricting sections over G'^^'^ to B'^''\ As explained in Section ITBl the right hand 
side equals the Bar complex computing the 0-twisted homology of the twisted cyclic 
sheaf P^'^A^ on AG. Now we are in a position to prove: 

Proposition 5.7. Reduction to loops induces a quasi-isomorphism on Hochschild 
and cyclic homology: 

xG) - ifif.(AG,0,(^«''»);j, 
ffG.(^(('')) xG) - i/G.(AG,0,(^(('')));j. 

Proof. Again, we start with Hochschild homology. Using the quasi-isomorphism 
of Prop. 15.61 the right hand side of the first equation above is isomorphic to the 
homology of sheafified Hochschild complex associated to a formal deformation quan- 
tization of the inertia groupoid (AG, W(o))- But this sheaf homology is readily com- 
puted, cf. ProD. l^^ below. to give the orbifold cohomology as in Theorem 15. 21 It is 
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not difficult to show that in fact the isomorphism in Thcorcm l5.7l is equal to the map 
induced by p in (|5.2(l . Therefore we conclude that reduction to loops induces an iso- 
morphism on Hochschild homology. However, given that it is a quasi-isomorphism 
on Hochschild homology, it induces an isomorphism on cyclic homology as well. □ 

Having reduced the computation cyclic homology to sheaf cohomology, we can do 
the computations locally for ^(o) and then take cohomology. The local results are 
given in the following proposition. For completeness, we also state the analogous 
results for Hochschild homology. 

Proposition 5.8. On a proper etale Lie groupoid with symplectic structure of di- 
mension 2n there are quasi-isomorphisms of complexes of sheaves: 

(C.(^«'"'))),6)-C((?i))[2n], 

(Tot. (6.,. (^""^ )) , b + B)^^ mm^n + 2k] . 

keN 

Proof. There are obvious inclusions of the right hand side into the sheaf complexes 
on the left hand side. To prove that these are quasi-isomorphisms, one needs to 
prove that they induce isomorphisms of the stalk-wise cohomology, or, equivalently, 
of the homology sheaves. However, locally the sheaf .A^^''^^ is isomorphic to the Weyl 
algebra wi''*'*'' of formal Laurent series on C". Its Hochschild and cyclic homology 
are given as follows (see |NeTs951 Sec. 3.2]), where the second identity follows 
from the first by the spectral sequence induced by filtering the (&, i?)-complex by 
columns. 

This proves that the canonical inclusion is a quasi-isomorphism. □ 

Theorem 5.9. Let G be a proper etale Lie groupoid and like above. Then the 
cyclic homology of A^^^"^^ x G is given by 

ffC.(^«'"'» G) =^HX''-'{X,Cm)). 

k>0 

Proof. By Propositions 15.41 15.71 and 15.61 the cyclic homology of A'^'^'^^^ x G equals 
the hyperhomology of the total complex of the sheafified Connes' {b, _B)-complex 
of a formal deformation of the sheaf of smooth functions on AGq. The preceding 
Proposition then entails the claim. □ 

5.4. Cohomology. Having computed the Hochschild and cyclic homology, the 
dual results may be computed analogously, as in |Cr| . Recall that the Hochschild 
cohomology of an algebra is computed from the complex Al^ := Ilom{A'^^^-^ , C) 
dual to the Hochschild complex, with the corresponding differential. Of course, in 
our case we use topological tensor products and consider only continuous function- 
als. Again using the /i-adic filtration, one observes that the E^-term in the spectral 
sequence is given by the complex of de Rham currents {Q,,b\j) on NG with the 
dual Poisson differential. The isomorphism of [Br| dualizes on each component O 
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to give (51., 6n) — (^IdimO-., d'lRh) - (fl*,rfdRh)- As for homology, the spectral 
sequence collapses at the second stage and one proves the first part of the following 

Theorem 5.10. The Hochschild and cyclic cohomology of >^ G are given by 
HC'iA^^'-^^^ G) - 0if--2'=(X,C((n))). 

fc>0 

Furthermore, the pairing between homology and cohomology is given by Poincare 
duality for orbifolds. 

Proof. Observe that the isomorphism in Hochschild cohomology described above is 
induced by the maps dual to the "reduction to loops" from Eq. 15.2|l : 

r,(i?('=),a-_;iM«'"'»)^("-+i))' ^ (^«''» X G)f, (5.3) 

where ( )' denotes the topological dual. Notice that the sheaf of distributions A' 
has the property that 

T{X,A')^T,{X,Ay. 
Therefore, we can realize the left hand side of Eq. (|5.2I) as the space of sections over 
B^''^ of the puUback via ak+i of the sheaf of distributional Laurent-series, dual to 
^((fi)). On a groupoid, the sheaf of distributions has a natural G'°P-structure. This 
property relates, as in jCR| for the sheaf of smooth functions, the left hand side 
of (|5.2|l to the twisted cyclic cohomology of (.A*^*^''-''')' on AG. Dualizing Prop. 
one obtains a quasi-isomorphism from (.A*^^''-'-')'^ to (A^q^'''')'^ with the trivial 9- 
cyclic structure. To compute the hypercohomology of the resulting sheaf com- 
plex Tot' B'^'{A[ljf'^) dual to the Tot. 6.,.(A[J,^^^)-complex, we use the following 
quasi-isomorphism which is dual to the one of Prop. 15.81 and which is obtained by 
computing the cyclic cohomology of the formal Weyl algebra of C" with compact 
support: 

Tot- (^•■•(A«;»))=0C((ft))[2fc]. 

fceN 

Taking the hypercohomology of this complex over AG gives the result. □ 

5.5. Examples. In this section we will give some examples of the computations 
of the Hochschild and cyclic homology, as well as the noncommutative Poisson ho- 
mology. All are related to so-called transformation groupoids, i.e., the groupoid 
G = T t< M ^ M associated to a proper action of a discrete group F on a manifold 
M. In this case the underlying orbifold is simply the quotient X ~ M/T. An 
invariant Poisson structure on M leads, by equation (|2.14|) . to a noncommutative 
Poisson structure on C^(G) = AcXT, where Ac = C^{M), already stated in jXuj . 
As a special case of the quantization procedure for Poisson groupoids |TA04b| . a 
F-invariant deformation quantization A^ of Ac defines a quantization of the non- 
commutative Poisson algebra Ac x T by taking the crossed product A'^ » F. We 
discuss our computations in the following special cases: 

Example 5.11. (Free action) Notice that in case of a free action F must be a 
finite group, since the groupoid G is assumed to be proper. Trivially, we have that 
= M and AG = F k M, i.e., X = X in this case. Using the computation of 
the Hochschild homology of Ac x F in |BrNiI ICRj , and the Leray spectral sequence 
associated to the groupoid morphism tt : T k M ^ M/T sending a point of M 
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to its image in the quotient space Af/F, of. 1)2. 2|l . one obtains an isomorphism 
TT : HH,{Ac XI G) ^ HH,{M /T). It is easy to check that under tt, the Poisson 
differential on HH,{Ac) is mapped to the Poisson differential on HH,{M/r), since 
a section of a sheaf on M/T can be identified with an invariant section of the 
corresponding G-sheaf on F k M. Therefore, the Poisson homology oi Ac >i T is 
equal to the Poisson homology of the quotient space M/T. When the Poisson 
structure is in fact symplectic, the Poisson homology on M/T is dual to the de 
Rham cohomology of M/T by Brylinski's result in |Br| . 

Remark 5.12. We can also use Proposition 14.71 to obtain this result. We know 
that Ac X F is Morita equivalent to C^{M/T) by the bimodule C^iM). As shown 
in jXu) . under this Morita equivalence the Poisson structure H on Ac x F is mapped 
to the Poisson structure H on M/T coming from the projection tt : A/ — > M/T. 
By Prop. 14.71 the Poisson homology of {Ac xi F, TV) is isomorphic to the Poisson 
homology of {C^{M/r),fl). 

Next, we assume the Poisson structure to be symplectic, so that M is a manifold 
of dimension 2n. For a free action, the projection tt : M — > M/T = X gives rise to 
a quasi-isomorphism iTiftj^j = ilx G Sh(X), where the right hand side is the sheaf 
of de Rham forms. Then the computations of the Hochschild and cyclic homology 
of the algebra A^'c'^^^ x F give: 

iJG.(4('"'» X F) = 0i/2"+2^— (X,C)®C((n)). 

fe>0 

As for the computation of the Poisson homology, this could have been deduced at 
once by the observation that the quotient A^/T gives a quantization of C^(Ar) which 
is Morita equivalent to the crossed product A^ x F by the equivalence bimodule 
A^. Therefore, the Hochschild and cyclic homology may be computed from the 
deformation quantization of C^{X), for which the computations in |JNe'1's9^ give 
the results above. 

As can be seen from above, for a trivial group our computations reduce to the 
well-known statements in [NeTsQS] . We leave the statements about Hochschild 
and cyclic cohomology to the reader. Finally, notice that the space of traces on 
A'/ X F, i.e., HC°{Ai'-''^^ x F) or the dual of HHo{Ai'-''^^ x F), is one dimensional: 
all traces are proportional to each other. (See section^) 

Remark 5.13. It is easy to generalize this discussion to groupoids with trivial 
isotropy groups, for example those obtained from a covering of a manifold. Again 
by Morita invariance, the computations of Poisson, Hochschild and cyclic homology 
reduce to the results of |NeTs95] on the underlying smooth manifold. 

Example 5.14. (Proper action, cf. |BaCo| for the undeformed case) One easily 
checks that for a proper action of a discrete group, the transformation groupoid 
T K M ^ M is proper and etale. Since we no longer assume the action to be free, 
i?'"' is usually bigger than M, more precisely one has = {(7,x) G F k Af | 
"fx = x}. Now, i?'"^ has the following decomposition into sectors 

B'"' = II 

(7)eConj(r) 
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where (7) denotes the conjugacy class of 7 in F, and 

7'6{7> 

According to Theorem 14. 131 we therefore get the decomposition: 

{7>eConj(r) 

For 7 e F, we define := {7' G F | 7'7 = 77'} and = ^7/(7}- We have 
Morita equivalences AGo^^^ k and NGq^^^ — x M'', which induce 

isomorphisms between the corresponding Poisson homologies by a similar argument 
as above for a free action. Therefore, we get 

iin(Ae >^ F) = i?n(7V^ K A'P), 
(7)eConj(r) 

and the right hand can be computed from the Poisson differential on the invariant 
differential forms on AH /N^. The decomposition of _B" above into sectors, together 
with the Morita equivalences, give a decomposition of the inertia orbifold X of 
X = M/T as 

X= Y[ M'</N-y. 

(7)6Conj(r) 

Therefore, we have for the Hochschild homology 

HH.iA'^/'^'i X F) i7f '"(*^')-(A'r/7V^,C) ® C((fi)). 
(7)eConj(r) 

6. Traces on the deformed groupoid algebra 

Traces on an algebra obtained by deformation quantization form an important 
ingredient in index theory. Since such functionals are nothing but cyclic cocycles of 
degree zero. Theorem 15.101 gives a complete classification of traces on the deformed 
groupoid algebra x G, that means of maps tr : x G such that 

tr(a7k-c 6) = tr(6*c a), tor all a.b e A'^ >i G. (6.1) 

In this section, we will be concerned with the actual construction of all traces. 
Our discussion somewhat parallels with the constructions in 'FeSchTa , and also 
uses in an essential way the paper jFeOO,, however notice that FeSchTa is only 
concerned with the subalgebra of A^ x G of invariant quantized functions on the 
underlying orbifold X. The full algebra A^ x G contains more information which 
we believe to be essential for index theory. 

6.1. Traces on finite transformation groupoids. We work in the situation of 
Sec. 15.51 and use the notation from there. Additionally, we assume (for notational 
convenience only) that each fixed point manifold M'^ C M with 7 G F has constant 
dimension. We then consider the crossed product algebra {A^ x F,7k-c), where the 
star product ★ on Ac has been obtained by a F-invariant Fedosov construction. 
As explained above, the cyclic cohomology group HC°{Ai'-''^'^ X F) determines the 
space of traces on A^ x F and is given as follows: 

i/G0(AP»xF)=i7l(M/F,C) ((;»))= H^iMyN^Om). (6.2) 

{7)eConj(r) 
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Hence, the space of traces has dimension 

dimc((^)) HZ^{M/T,C) m) = #Comp(M7f), 

the number of connected components of the inertia orbifold. 

Let us now examine the space of traces on xi F in some more detail. To this 
end we wiU use in the remainder of this section the following notation. Like in 
Sec. 131 Eq. (|3.5|) . we expand elements a G Ac xi F as sums X^^er fi^t "^ith f-y G 

and extend this decomposition to formal Laurent series a ~ J2k Ofc^'^ ^ Ai'"'^''^ x F 
with Ofc e >^ r as follows: 

a = ^ /^(5^, where A = ^ fk.ffi'' and Ofc = ^ fk.yS^. (6.3) 
7Gr k 7er 

Following IFeOOI Sec. 1] and [FeSchTaI we now consider a family {T-y)^^^ of linear 
forms on Ac^^^-* with the following properties: 

rM^f) = r^if'^lf) forall7GFand/,/'e Ac, (6.4) 
Ty(/) = T^y^-i(7/) forall/e Ac and7,7'eF. (6.5) 

The following result can now be verified by a straightforward computation. 

Proposition 6.1. Under the assumptions stated above let {T-y)-y^Y be a family of 
linear forms on Ac^'''*'' which satisfies the assumptions {6.4)) and I6'.,5|) . Then the 
functional 

tr : Ap» X F ^ C((ft)), a^J^^M (6-6) 

7er 

is a trace on Ac'''*'''' x F. Vice versa, given a trace tr : Ac'''*''' x F ^ C{{h)), one 
obtains a family (r^)-y£p satisfying the above conditions by defining 

T^if) := tr(/<5^) for all f E Ap». (6.7) 

Finally, the trace corresponding to the so defined family of linear forms coincides 
with the originally given one. 

In order to construct all traces on the quantized convolution algebra we thus 
have to find functionals {T.y)j^T satisfying the assumptions made above. In jFEOO| 
Fedosov has explicitly constructed such functionals. Let us recall Fedosov's con- 
struction. To this end we restrict our assumptions further and assume that M is an 
open F- invariant convex neighborhood of the origin of some symplectic vector space 
V. Then it is well-known that over M, the star product ★ on A^ is equivalent to 
the Weyl star product *w coming from V. Let S = 1 + Efcli Skfi'' : C°°{M)[[h]] 
C°°{M)[[h]] be an equivalence from ★ to the Weyl star product *w Next choose a 
F-invariant complex structure J on V, and consider the Hermitian product induced 
by J on the symplectic vector space V. Since then, F acts unitarily on V, one has 
for every 7 S F a decomposition V = V^^BV-^, where is the fixed point subspace 
of 7, and its orthogonal complement. Now, 7 leaves invariant and acts on 
V-^ via a matrix j^. Finally, choose complex unitary coordinates Zinv of V^, z± 
of and put z — (zinv,z±). With these notations, one can define functionals 
. C°°{M){{h}) C((/i)) as follows (with integration induced by the real part of 
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the Hermitian product): 



- {2nhr L det(l - 71^) V'dz^ 1 - dz* ' ^ 



z±=z^=Q 

(6.8) 

According to Eq. (2.17) and Prop. 2.5 of |FeOO| . the thus obtained family (r^)^gr 
satisfies properties (|6.4|l and H6.5|l above with respect to the Weyl star product. The 
following result is essentially a reformulation of [FeOOI Prop. 2.5] and |FeSchTa1 
Cor. 7.5]. 

Proposition 6.2. Let T, V, M C V and (A'',*) as before, and choose S, J and 
z — {zinv,z±) like above. Then the family (T.^)^gr of functionals on A^^'^''^ defined 
by 

T^if) := T^iSf) for all f e A, (6.9) 
satisfies the conditions j6'..^| ) and above. Moreover, for every 7, the restriction 
of the functional to the T -invariant elements of Ac^''^' does not depend on the 
choice of J, z and S. 

Now consider a family k — (K^-y))^-y)gconj(r) of complex coefficients. Then the 
functional 

tr. : X r ^ cm), a^Y^ff^y^T. ^h) ^(A) (6-10) 

has to be a trace on the deformed crossed product algebra by the preceding propo- 
sitions, since the family (K(-y)T^)^gr satisfies conditions H6.4|l and H6.5() . One even 
has more. 

Corollary 6.3. With notations from above, the functionals tr^ have the following 
properties. 

(1) Every trace on Ai'"'^^^ x F is of the form tr^ with a uniquely determined 
family k G C'^°"j(^). 

(2) The traces tr„ are invariant in the following sense. Let V' be another sym- 
plectic vector space, F' a finite group acting by linear symplectomorphisms 
on V' , and let -k' be a Fedosov star product on V' . Assume further that 
F : M ^ V' is an open embedding with the following properties: 

(a) F is equivariant with respect to an infective homomorphism t : F ^ F', 

(b) F is symplectic, 

(c) the pull-back via F induces a homomorphism of star product algebras 
F* : {C^{V')[[h]],i.') A^, 

(d) the induced quotient map F : M/T ~^ V' /V is an open embedding. 
Then for every a — X^^er f-y^-y £ ^c''''^'' x F the equality 

tr,.K(F,a) = tr«,(a) (6.11) 
holds true, where F^,{a) = '^^£r(f'y ° '^"■'^ ''*'^ ^^'^ family 

(''(7'>){7'>6Conj(r') '^e/Jned by 

^1 ^ [^^(t)' ifi^i(n)forsome-t<^T, 

""^^'^ |0, else. ^ ■ ' 
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Proof. Observe that by Eq. the map C^°"j(^) ^ (aP" >^ T)', k ^ tr« is 

injective, since each is non-zero. Since the dimension of the space of traces is 
#Conj(r), the first claim follows. 

For the second claim note first that is well-defined indeed, since by the 
assumption (d) on the equivariant embedding (F, l), the induced map I : Conj(r) 
Conj(r') has to be injective. Next we conclude from [FeSchTaI Cor. 7.5] that 

holds for all F-invariant / G Ac^''''^ and all 7 £ F. By the first claim and the 
definition of t,K, this entails Eq. H6.11|l . □ 

6.2. Traces in the general case. Fet now G be an arbitrary proper etale Fie 
groupoid with a symplectic structure and let ★ be an invariant star product on A. 
We now want to construct all traces on the crossed product xi G. To this 

end first fix a dense countable family {xj)i^i of points of Gq and an open covering 
lA = {Ui)i^i of Go such that Xi G Ui for all i G / and such that one has isomorphisms 
G\jj. = Ti KUi, where F^ is the isotropy group G^^. . By appropriate choices we can 
even achieve, that each Ui is symplectomorphic to an open ball around the origin of 
some symplectic Fi-representation space Vi , that Xi corresponds to the origin under 
this symplectomorphism, and that for every pair [7^, Uj with Tr{Ui)rnr{Uj) ^ there 
exists an open connected subset Wij C Go and a finite isotropy group Tij := Gx^^ 
(with Xij G Wij) acting symplectically on Wij such that G^^y.. = Tij k Wij and such 
that 7r([/i), 7r([/j) C TT{Wij). Moreover, we can assume that Wij = Wji and that Wij 
is an open invariant set of some symplectic F^j -representation space Vij. Finally, 
we can choose the sets Ui so small such that for all with 7r(J7i) n 7r(J7j) 7^ 

there exist bisections Sij : Ui Wij with t o Sij{x) G Wij for all x ^ Ui. Now 
put Fij :— t o Sij. Using that the underlying groupoid is proper etale and the 
assumptions on the covering {Ui)i^i one then immediately checks the following 
properties of the maps Fij: 

(a) each Fij is an embedding and equivariant with respect to the monomor- 
phism Ti — > Tij induced by the composition on Gi, 

(b) each Fij is symplectic, 

(c) since the star product on Go is G- invariant, the pull-back via Fij induces 
a homomorphism i^* : {C°°{W^j)[[h]],i<) (C°°(C/,)[[?i]],*), 

(d) the induced quotient map Fij : Ui/Ti — > Wij /Tij is the natural inclusion 
of open subsets of X . 

Using Cor. 1^21 (2), these properties will later guarantee that one can glue together 
local traces on x G. 

Associated to the covering lA is the groupoid Gu with objects and morphisms 
given by 

(Gw)o = n f/^, {Gu)i = U -^^^U,) n t'\Uj). (6.13) 

The obvious morphism Gu — > G then is a weak equivalence. The sheaf of quantum 
algebras ^((''^^ restricts over every open subset Ui to define a sheaf, also denoted by 
and therefore defines a crossed product ^^'''^^ x Gu. Let us write elements in 
J^iif*-)) XI Gu as a = {aij)ij^i, etc. Denote by the multiplication on ^(('^^^ x Gu 
obtained by combining the ^-product with the convolution product. This product 
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then reads as follows (using germs in the notation): 

[(a*w b),j]g =Y^ [atk]g,g2*[bkj]g2, sig) G U,, t{g) G Uj. (6.14) 

k 9l92=S 

We will now construct an injective honiomorphism ^(e*)' x G ^ ^(e*)' x Gu. 

Consider a partition of unity {(pi)i^j subordinate to U, satisfying J^i = Define 
the following formal power series on Gq: 

-1/2 / ^ -1/2 





Notice that the inverse of the square root exists, since J^k Vk * fk — ^ ^ hA'^{GQ). 
By construction, we have supp($i) C Ui, supp(^'i) C Ui, and ^^^^i * = 1. 
From these properties it is easy to deduce that for the "convolution ^-product" in 
X G we have 

^(f, *c $») =<5u, 

i 

where the and $i have been extended by outside Gq, and where is the "unit 
in the convolution algebra" from Step 2., Sec. 01 By inspection of the multiplication 
it follows that the map 

defines a homomorphism ^^ : ^(C*') xi G ^ ^(C*)) x Gu. With this notation, we 
have the following final result. 

Theorem 6.4. Let G,U,A'^ be like above and k : B^^^ — > C a locally constant 
G -invariant function. Then the restriction of k to B^"-' P\s''^{Ui) induces for every 
i £ I a family k,; G cConj(ri)^ Moreover, the formula 

tr«,(a) = ^tr«^($,*ca*c*») (6.15) 

■i 

defines a trace on A^^'^'''' x G, and every trace on A'--'^'^^^ "A G is equal to such a tr^ 
with unique k. 

Proof The k, induce traces tr^, on A^^f^^ x ^^, Ac^^ := C^{U^) by Cor.O Since 
is a homomorphism of algebras, tr^ is proved to be a trace, if the functional 

tr;, : ^(C'" X Gi, ^ C((n)), (a,,) ^ ^ tr,,(a,,) (6.16) 

i 

is a trace. To this end it suffices to show that for all (a^), (bij) G A^^^^^ x Gu one 
has 

trK,(ay *c &jj) = tTf,.{bji ★c flij), (6-17) 
if TT{Ui) n vr([/j) ^ 0. For the proof of this equality we use the equivariant embed- 
dings Fij : Ui Wij constructed above and apply Cor. 16.31 More precisely, let tr^j 
be the trace on A^^f^ x Tij, A^^ij := C^(Wij) induced by the restriction of k to 
ns-i(iy„ ). Cor. 10(2) entails that the left hand side of Eq. (|07|l coincides 
with tTij{Fij^aij *c Fij^bji), and t he rig ht hand side with trij{Fij^bji *c F^j^aij). 
By the trace property of tr^ , Eq. (|6.17|) follows, and tr^ is a trace indeed. 

Since the map k i— > tr^ clearly is injective, the second claim now follows easily 
from the fact that HC°{A'^'^'^'>'> x G, C) has dimension (over C((ft))) equal to the 
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number of components of the inertia orbifold, and the fact that the latter number 
gives also the complex dimension of the space of locally constant invariant functions 
from to C. □ 

6.3. On a conjecture of Fedosov, Schulze and Tarkhanov. Unlike in the 
case of a (connected) symplectic manifold, where the space of traces on a deformed 
algebra of compactly supported smooth functions is one dimensional, the space of 
traces on x: G has dimension > 1, since by Theorem I5.1UI this dimension 

is given by the number of connected components of the inertia orbifold X. In 
[FeSchTa) . Fedosov, Schulze and Tarkhanov show that a certain abelian group 
of isomorphism classes of line bundles on a symplectic orbifold acts nontrivially 
on the space of traces of the deformed convolution algebra and conjecture that 
"this ambiguity in traces is the only possible one" . In our framework such type of 
questions can be answered naturally. 

We start with a different view on orbifold cohomology. Consider the represen- 
tation ring sheaf on X whose stalk at x G X is given by the complexified 
representation ring Rc{Gx) = R{Gx) ®z C of the isotropy group Gx^ a finite group. 
As explained in ^Mo. Sec. 6.4], the Leray spectral sequence associated to the mor- 
phism of groupoids j3 : AG G yields an isomorphism 

H^,^{X,C)^H\X,Rc), (6.18) 

where the right hand side is simply sheaf cohomology on the space X. Consider 
now the abelian group Pq := H^G, S^)/ H^{X, S^). By Sec. ESI H^{G,S^) clas- 
sifies the G-line bundles on G, whereas H^{X,S^) gives the set of isomorphism 
classes of line bundles on X, which, by pull-back along the projection tt : G ^ X, 
identifies with the set of isomorphism classes of G-line bundles with trivial action 
of the isotropy groups. Thus, Pq is the Picard group as defined in [FeSchTa] . 
however we do not use this terminology here in view of the Picard group in Poisson 
geometry (cf. |BuWe| ) which is a completely different group. Now, there is a nat- 
ural homomorphism from Pq into the group of units of the ring H^{X, R^)- For its 
construction observe that every G-line bundle gives rise to a representation of the 
isotropy G^ for every x € X, hence, by taking the character at every point, there 
is a canonical map H^{G, S^) H°{X,R^). As its kernel is given by H^{X, S^), 
the existence of the injection Pq — * H'^{X,Rf2) follows. 

Since traces on an algebra are nothing but cyclic 0-cocycles, Theorem lS.lUl entails 
that the space of traces on ^((''^^ xi G is isomorphic to H°^^{X,C) (g) C{{h)). By 
Eq. (|6.18|l . the conjecture of [FeSchTa] can now be reformulated as the statement 
that the image of Pq in i/°(X, ^) forms a basis. But since irreducible representa- 
tions of a finite group are necessarily one dimensional only if the underlying group 
is abelian, the claim holds true in general, if and only if every isotropy group Gx is 
abelian. Therefore, the conjecture in |FeSchTa| is true for G with abelian isotropy 
groups, but not otherwise. 

Strictly speaking, the paper [FeSchTa] is only concerned with the algebra 
rinv,c(-4'') of invariant sections of or in other words with the deformation quan- 
tization of C^{X) constructed in | Pf03| . cf. Sec. 12.71 However, the conclusion 
above remains true also in this case in view of the following: 

Proposition 6.5. In case the proper Stale Lie groupoid G is reduced, i.e. if each 
isotropy group Gx acts faithfully on a neighborhood of x G Gq {cf. |Mol Sec. 1.5]), 
then the algebras A^^^^"^ x G and rinv,c(^*-^'''''') are Morita equivalent. 
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Sketch of Proof . The equivalence bimodule is given by (Go), the quantization 

of the symplectic manifold Gq. To prove that this really defines a Morita equivalence 
one first observes that it suffices to prove the claim locally. One can check this 
for example by using the groupoid Gu and the partition of unity associated to a 
covering of Gq. Using a covering by open subsets over which the restricted groupoid 
is isomorphic to a translation groupoid by a faithful action of a finite group, the 
claim is proved locally as in DoET) by the fact that the deformed algebra A^^^^'' (M) 
of a symplectic manifold is simple. The latter holds true since there are no nontrivial 
Poisson ideals in the ring of smooth functions on a symplectic manifold. □ 
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